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1. Introduction

Dear math learners, this document comprises the midterm and final exams of the course
Mathematics II with the code MAT124. A sample of each preserved exam held in the
past has been gathered from students in the Department of Electrical and Electronics
Engineering. The exams are categorized into two main exams: Midterms and Finals.
Every midterm exam is identified as a Midterm exam, whereas the Final, Resit, and
Makeup exams are considered to be final exams throughout the document. The solutions
are checked through various platforms, including Desmos, GeoGebra, and WolframAlpha.

Should you find a mistake with the solution or need consultation, please get in touch with
the author via the following:

Author’s name: Baturay Kafkas

Author’s email: baturaykafkas@hacettepe.edu.tr
Author’s personal email: kfksbtry@gmail.com

2. Motivation

To help learners understand the fundamentals of calculus,

To make students have the knowledge of mathematical symbols and notations,

To help students prepare for exams with proper writing skills,

To make students gain ideas for advanced math courses,

To help students have expertise in academic writing.

3. Exams and Solutions

There are a total of 8 midterm exams and 12 final exams.

Exam Date Content Solution
Page Page
Exam Date Content Solution Final | 01/07/2020 14 67
Page Page Resit | 01/07/2020 15 71
Midterm | 28/03/2012 4 29 Final | 28/08/2020 16 78
Midterm | 08/06,/2020 5 33 Final 09/06/2021 17 82
Midterm | 15/08/2020 7 37 Final 23/05/2022 18 86
Midterm | 28/04/2021 8 41 Final 12/06/2023 19 91
Midterm | 20/04/2022 9 46 Makeup | 12/06/2023 20 96
Midterm | 08/05/2023 10 50 Final 11/01/2024 21 101
Midterm | 26,/04/2024 11 55 Resit 29/01/2024 23 107
Midterm | 09/04/2025 12 60 Final 04/06/2024 25 113
Makeup | 27/06/2024 26 118
Final 18/06/2025 27 121



MIDTERMS



2011-2012 Spring
MAT124 Midterm I
(28/03/2012)
Time: 13:00 - 15:00
Duration: 120 minutes

. Consider the curve with the polar equations r = 2 — 2sin 6.
(a) Sketch this curve.

(b) Find the area of the region enclosed by this curve.

(c) Find the tangent vector(s) to this curve at § = %

. Consider the points A(0,—1,1), B(-1,0,1), C(1,0,2), D(0,0,1) in R3.

(a) Find the equation of the plane passing through A, B and C.

(b) Find the distance from the point D to the plane passing through A, B and C.
(c) Find the equation of the line passing through B and D.

. Consider the space curve whose vector equation is given by

r(t) =e'sinti+e'costj+e'k for 0<t<1.

(a) Sketch the curve.
(a) Find the length of the curve.

. Evaluate the limit, if it exists, and explain your answer.

2 42
(2) lim v b)  lim Y
(z,9)—(—1,—-2) T2y — xy + 222 — 20 (z,y)—(0,0) T+ + 12

. Answer each independent question below.
(a) Let f(x,y) = In(2* 4+ y*). Evaluate for + fyy-

(b) Sketch the surface given by z = 222 + y* + 4y + 6.



2019-2020 Spring
MAT124 Midterm
(08/06/2020)

1. Find an equation for the line L that contains the point P = (—1, 3, 1) and is orthogonal
to the line

2. Sketch the graph of the following surfaces.
(a) z=¢¥ (b)y=2?—2*
3. The position vector for a particle in space is given as

R(t) = (2cost)i + t%j + (2sint)k.

Find the velocity and acceleration vectors of the particle and find the speed and direction
of motion at t = w/2.

4. Let f be a function defined by

3

Fz,y) = xf—jiyfs if (,y) # (0,0)

0, if (z,y) = (0,0).
Is f continuous at (0,0)7 Explain.

5. Use the € — § definition and show that the function

2

flz,y) = ﬁyya if (,y) # (0,0)

0, if (z,y) = (0,0)
is continuous at the origin.

6. Note that in Cartesian coordinates, the Cauchy-Riemann equations are

ou Ov ou ov
= — and — =

or Jy oy - Ox
where v = (z,y) and v = v(z,y).

Let x = rcos# and y = rsinf. Show that the Cauchy-Riemann equations take the form

18u_ ov

8u_1@ 10u  0Ov
rofd  or

o —rog



7. According to Poiseuille’s law, the resistance to the flow of blood offered by a cylindrical
blood vessel of radius r and length z is

for a constant ¢ > 0. A certain blood vessel in the body is 8 cm long and has a radius of
2 mm. Estimate the percent change in R when x is increased by 3% and r is decreased
by 2%.

8. Find the critical points of f(z,y) = —2*+ 9z — 4y? and classify each point as a relative
maximum, a relative minimum, or a saddle point.



2019-2020 Summer
MAT124 Midterm
(15/08/2020)

1. Find an equation for the line L passing through the point P = (0,2,1) and is parallel
to the line of intersection of the planes x —y —1 =0 and 3z + 2z —3 = 0.

2. Show that the vector v = i+ 5j + 4k is orthogonal to the line passing through the
points (1,2,1) and (—1,0,4).

3. Sketch the graphs of the following surfaces.
(a) z=eY+1

(b) 22 =a2*—y* +1

4. Show that the limit

ZL‘5y3

m —
(2)—(0,0) 27 + y21/2
does not exist.

5. Use the € — ¢ definition and show that the function f(z,y) = 62 + Ty? is continuous
at the origin.

6. Find 8_w’ where w = 2 ¥t3 and x =r4+s—t, y = 2r — 3s, z = 2cos(rst).

r
7. The diameter of the base and the height of a closed right circular cylinder are measured,
and measurement are known to have errors of at most 0.5 cm. If the diameter and height
are taken to be 4 cm and 8 cm, respectively, find the bounds for the propagated error in
(a) the volume V' of the cylinder,

(b) the surface area S of the cylinder.

8. Find the slope of the line that is parallel to the yz-plane and tangent to the surface
ylnz+ z — 2 =0 at the point (1,0, 2).

9. Find the equation for the tangent plane to the surface z = sinz + e 4 2y at the point
P=(0,1,3).



2020-2021 Spring
MAT124 Midterm

(28/04/2022)
1
1. Consider the straight lines x — 1 = g, y=0and z = % = z.

(a) Show that the lines are skew.

(b) Find an equation for the plane passing through the point (1,3,5) which is parallel to

the skew lines.

2. Sketch the graphs of the following surfaces in R3.

(a) 2% = ¢ + 22

(b) 2=y

3. Let C be the space curve given by the vector-valued function

R(t) = (1 + 2sin(27t))i + (Int)j + (cos(wt))k

Find an equation of the line which is tangent to C' at R(1).

4. Use the € — ¢ definition and show that the function

4$2 _ y2
5., . if T,y 7£ 17_2
flzy)=q 22+y w7 =2
is continuous at the point (1, —2).
9 :
5. Calculate — if w = flz,y,2) = rtsiny and
ou z

r=ux(u,v) =In(u+v), y=y(uv)=e" z=zuv)=

u

6. The opposite and adjacent sides of a base and the height of a right triangular prism
are measured, and measurements are known to have errors of at most 0.4 cm. If the
opposite and adjacent sides of the base and the height are taken to be 5 cm, 3 ¢cm, and 6
cm, respectively, find the bounds for the propagated error in the volume of the triangular

prism.

7. Find the maximum and minimum values of f(z,y,2) = x — z on the ellipsoid

o2+ 2% + 2% = 1.

8. Find the critical points of f(z,y) = 2* — ¥ + xy and classify each point as a relative

maximum, a relative minimum, or a saddle point.



2021-2022 Spring
MAT124 Midterm

(20/04/2022)

= (Ink)z*

1. Find the convergence set of the power series Z (In k)w .
k=1

2. Show that the vectors u =i+ 3j+ k, v =2i —j—k, and w = 7j 4 3k are coplanar
(all in the same plane).

3. Find the point where the line

r—1=zy=3

intersects the plane 2y — z = 5.
4. Sketch the graphs of the following surfaces.
(a) z =sinzx

(b) y =22 — a2

. zy?
5. Let f be the function f(v,y) = —

x? + oyt
at (0,0).

for (x,y) # (0,0). Show that f has no limit

6. Van der Waal’s equation in physical chemistry states that a gas occupying volume V'
at temperature 17" (Kelvin) exerts pressure P, where

(P+%>(V—B):k:T

for physical constants A, B and k. Compute the following rates.
(a) the rate of change of volume with respect to temperature.
(b) the rate of change of pressure with respect to volume.

7. Consider the surface z = 22 + y? — zy, a paraboloid, on which a particle moves with

dz
x and y and coordinates given by x = cost and y = sint. Using the chain rule, find —

dt
when ¢t = 0.

8. Find the parametric equations of the tangent line to the curve of intersection of the
paraboloid z = 2% + y* and the ellipsoid 222 + 2y? + 22 = 8 at P = (—1,1,2).



2022-2023 Spring
MAT124 Midterm
(08/05/2023)

1. Sketch the traces of the following surfaces with the coordinate planes z = 0, y = 0,
and z = 0, and then sketch the graphs of them.

x? y2 N
oY 2y

(a)16+4 z

2 2
@z:%+%—6

2. Show that the limit

Ve

lim
(z.y)—(0,0) 2 (22 + y*)
does not exist.

3. Find the equation of the plane passing through the point FPy(0,1,2) and which is
perpendicular to the line that is tangent to the curve of intersection of the surfaces

v —2zy+y* =2 and zz—a2y+ =1
at the point P, (0, V2, 1).
4. Find g—f where w = zyIn (1+ \/W) +rzzandx =t+s, y=¢e z2=In(s?>+1).
5. Use incremental approximation to estimate the value tan ((0.97) - (2.05)2).
6. Find the direction vector in which the function

fl@y,2) = Vatyz

has the minimum rate of change at the point (1,1,3). Also, find this rate of change.
7. Find the absolute extrema of

flzy) =2 +y—ay+4

on the triangular region with vertices (0,0), (4,0), (0,4).

10



2023-2024 Spring
MAT124 Midterm
(26/04/2024)

1. Sketch the traces of the following surfaces with the coordinate planes x = 0, y = 0,
and z = 0, and then sketch the graphs of them.

(a)y=Inz (b)2?+2y2—-322+1=0

2. State the € — § definition of the limit of a function of two variables, and using the ¢ — ¢
definition, show that
lim 22% + %) =0
(z,)—(0,0) ( Y )

3. For t € R, let [; and [5 be two lines given by

xz =3t r=1+6\
y=4—t teR y=2-2\2 AeR
z=1+2t z=1+4)\

Determine an equation of the plane containing both [y and [5.

4. Let e
2. et Y
——F if 0,0
f(l',y): $2+y2 1 (l',y)%< ) )
0 if(z,y) =(0,0)
(i) Evaluate the partial derivatives f,(0,0) and f,(0,0).
(ii) Show that f(z,y) is not differentiable at (0,0).

5. Let u = u(x,y) and v = v(z,y). The Cauchy-Riemann equations are

ou_ov w0
or Oy oy Oz
Show that in the polar coordinate system (z = rcosf, y = rsinf),
ou_to0 o0 10w
or —ro0 0 or oo

6. Determine the direction at the point (1,1) in which the rate of change of

f(:v,y)zﬁ

X

is the largest. Compute this rate of change.
7. Find all critical points of the function
fla,y) = (=D + 1)@ —y+3)

and then determine whether each critical point corresponds to a local maximum, a local
minimum or a saddle point.

11



2024-2025 Spring
MAT124 Midterm
(09/04/2025)

1. Consider the curve with the polar equation r = 2 cos(36).
(a) Find symmetry properties for the given curve and sketch the curve.
(b) Find the area of the region enclosed by the curve.

2. Identify (describe and sketch) the following curves with polar equations using Cartesian
coordinates.

(i) 7 = 2sinf +2cosf (i) r = tan b secH
3.

(a) The following vectors are given.
u=6i—3j+2k and v=(Up+1)i+(p—2)j+k

p is a scalar constant. Find the value of p if
[. u and v are perpendicular vectors. II. u and v are parallel vectors.

(b) The points A(5,1,3), B(3,1,5), C(5,3,5) are given. Show that the triangle AABC
is equilateral and find its area.

(c) Find the intersection of the line L and the plane R.

4.

(a) Find an equation of the plane through the point P(1,2,3) parallel to the plane R :
r+y+z=1.

(b) Find the parametric equations of a line L through the point P(1,2,3) and perpendic-
ular to the plane R.

5. Evaluate the limits, if they exist, and explain your answer.

x3y 4 1
() lim ——— (b) lim 2"sin (2—)
(2,9)—(0,0) 8 + (2,y)—(0,0) 2 + |y

6.

(a) Find a vector function that represents the curve of intersection of two cylinders z? +
=1 and z = 422

(b) Find the unit tangent vector to the curve in part (a) at t = g
(c) Find a formula for the length of the curve in part (a). Do not evaluate the length.
7. Use traces to sketch and identify the surface given by the equation z = —2% — y? + 2.

12



FINALS

13



2019-2020 Spring
MAT124-02,05 Final
(01/07/2020)

1. Find the maximum and minimum values of the function f(x,y,z) = x —y + z on the
sphere z2 + 3% + 2% = 100.

2. A cylindrical tank is 4 ft high and has an outer diameter of 2 ft. The walls of the tank
are 0.2 in. thick. Approximate the volume of the interior of the tank assuming the tank

has a top and bottom that are both also 0.2 in. thick.

3. Let z = f(z,y) be a differentiable function of x and y, and let x = r cos# and y = rsin 0
for r > 0 and 0 < 6 < 27. Show that

0\? L (0N (927, (02’
or r2\00) \ oz oy /) -

4. Reverse the order of integration in

/12/:3f(x,y)dydx—i—Ls/mgf(x,y)dydx.

5. Evaluate the double integral
2 y® )
/ / V" da dy.
1 Jy2

6. Use a double integral to find the area of the region that lies inside the circle r = cos 6
and outside the cardioid r = 1 — cos 6.

7. Evaluate the volume of the solid bounded below by the cone z = /22 + y? and above
by the paraboloid z = 2 — 22 — y2, by using a triple integral in cylindrical coordinates.

8. Let T be the solid in the first octant bounded above by the sphere 2% + y* + 22 = 7
and below by the paraboloid z = 2% + y*. Express (do not evalaute) the integral

///<¢+y—+) qv

in spherical coordinates.

14



2019-2020 Spring
MAT124 Resit
(01/07/2020)

1. The temperature T" at the point (z,y,z) in a region of space is given by the formula
T =100 — zy — xz — yz. Find the lowest temperature on the plane z 4+ y + z = 10.

2. Show that if z = f(r,0), where r and @ are defined as functions of = and y by the
0? 0?

equations x = rcosf and y = rsin#, then the equation ez + gz 0 becomes
ox?  Oy?

P 10 10s
orz  r2002  ror

1 pl
3. Evaluate the integral / / V1—x3dxdy.
0 Sy

4. Evaluate
4 py 8 ,16/y
/ / dzx dy + / / dz dy
2 J2 4 J2

by reversing the order of integration.

5. Use a double integral to find the area inside the circle » = cos 8 and outside the cardioid
r=1—cosé.

6. Use polar coordinates to evaluate the double integral

// sin (x2 + y2) dA,
D

where D is the region bounded by the circles 22 + y? = 1 and 2% + y? = 4 and the lines
y=0,z=1+3y.

7. Using cylindrical coordinates, evaluate

I s
p T2+ y?+ 22’

where D is the solid region bounded below by the paraboloid 2z = 22 4 y? and above by
the sphere 2% + y? + 22 = 8.

8. Using spherical coordinates, evaluate the triple integral

Ji e
D

where D is the portion of the solid sphere 2% + y? + z? < 1 that lies in the first octant.

15



2019-2020 Summer
MAT124 Final
(28/08/2020)

1. Find the maximum and minimum values of the function f(z,y) = 2%+ y* — 3y on the
closed disk 22 + y? < 4.

2. The velocity of a particle moving in space is

V(t) =Inti+sintj+t°k

Find the particle’s position as a function of t if the position at time ¢ = 1 is R(1) =
2i+j—k.

1 1
3. Evaluate the integral / / y? cos 23 dx dy.
0 Jy?
4. Let R be the region lying inside » = 1 and outside » = 1 + cos .
(i) Sketch the graph of the region R.

(ii) Set up (but do not evaluate) a double integral in polar coordinates for the area of
the region R.

2

5. Let S be the surface of the portion of the cone z? = 22 + y? that is contained in the

cylinder 22 + y? = 9.
(i) Sketch the graph of S.
(ii) Evaluate the surface area using polar coordinates.
6. Let S be the region bounded by the paraboloids z = 8 — 22 — 9% and z = 22 + 3.

(i) Using the spherical coordinates, set up (but do not evaluate) an integral for the
volume of the solid S.

(ii) Using the cylindrical coordinates, set up (but do not evaluate) an integral for the
volume of the solid S.

16



2020-2021 Spring
MAT124 Final
(09/06/2021)

1. Sketch the region corresponding to the double integral

2 T+2
/ / dy dx
—1Jz2

and reverse the order of integration.

2. Find the volume of the solid bounded above by the cone z = y/22 + y? and below by
the circular region 22 + y? < 4 in the zy-plane.

3. Let R be the region lying outside » = 1 and inside » = 1 + cos .
(i) Sketch the graph of the region R.

(ii) Set up (but do not evaluate) a double integral in polar coordinates for the area of the
region R.

4. Let S be the portion of the surface z = y? that lies over the rectangular region in the
zy-plane with the vertices (0, 0,0), (0,1,0),(1,1,0) and (1,0,0).

(i) Sketch the graph of S.

(ii) Evaluate the surface area.

5. Evaluate /// 2dV, where E is the region bounded below by 22 + 32 4+ 22 = 4 and
E
above by x? + 3% + 22 = 9.

6. Let S be the region bounded above by the paraboloid z = 1 — 22 — y* and below by
the xy-plane.

(1) Using the spherical coordinates, set up (but do not evaluate) an integral for the volume
of the solid S.

(ii) Using the cylindrical coordinates, set up (but do not evaluate) an integral for the
volume of the solid S.

17



2021-2022 Spring
MAT124 Final
(23/05/2022)

1. Find the largest and smallest values of f(z,y) = 2? + 3? subject to the constraint
r+y=1withz >0and y > 0.

2. Sketch the region corresponding to the double integral

%\/3 1—y2
/ / dx dy
0 VY

and reverse the order of integration. Do not evaluate the integral!

3. Sketch the region inside the circle » = 1 and outside the cardioid » = 1 + sinf and
then, using a double integral, find the area of the region.

4. Using a double integral, find the volume of the solid bounded above by the sphere
22 + y? + 22 = 16 and below by the circular region z? + y? < 2 in the zy-plane.

5. Let us consider the frustum of the cone z = /22 4+ y? between the planes z = 1 and
z =2

(i) Sketch the graph of the frustum.
(ii) Find the surface area of the frustum.

6. Let S be the region in the cylinder 22 + y? = 1 bounded above by the plane z = 6 and
below by the paraboloid z = 1 — 22 — 3%

(i) Using the spherical coordinates, set up (but do not evaluate!) an integral for the
volume of the solid S.

(ii) Using the cylindrical coordinates, find the volume of the solid S.

18



2022-2023 Spring
MAT124 Final
(12/06/2023)

1. Maximize the function f(z,y) = xy?z on the sphere 2?2 + y? + 2% = 4.

2. Sketch the region corresponding to the double integral

1,1 )
/ / e’ dydx
0 $1/4

3. Sketch the region R inside the cardioid r = 1 4 cos# and outside the limagon r =
2 — cos#, and set up the polar double integral corresponding to the area of the region R.

and evaluate it.

4. Using a double integral, find the volume of the solid bounded above by the elliptic
paraboloid z = 4 — 22 — 4% and below by the circular region z? + 3? < 2 in the xy-plane
where x > 0 and y > 0.

5. Let us consider the frustum of the cone z = /22 4+ y? between the planes z = 1 and
z=2.

(i) Sketch the graph of the frustum.
(ii) Find the surface area of the frustum.

6. Let S be the region in the cylinder 22 + y? = 1 bounded above by the plane z = 4 and
below by the sphere 22 + 3% 4 22 = 1.

(i) Using the spherical coordinates, set up (but do not evaluate!) an integral for the
volume of the solid S.

(ii) Using the cylindrical coordinates, find the volume of the solid S.

19



2022-2023 Spring
MAT124 Makeup
(12/06/2023)

1. Find the absolute extrema of f(z,y) = 222 —4? on the closed, bounded set 22 +y? < 1
in the plane.

2. Sketch the region corresponding to the double integral

2 6—2x
/ / dy dx
—3Jz2

and evaluate the integral by writing the equivalent integral with the order of integration
reversed.

3. Using a double integral, find the area enclosed by the upper half of the cardioid
r=1+siné.

4. Sketch the region R bounded above by the elliptic paraboloid z = 2 — 2? — y? and
below by the paraboloid z = 22 + y?. Using a double integral find the volume of R.

5. Find the surface area of the portion of the sphere 22 + y? + 2% = 4 that is above the
ry-plane and within the cylinder 2% 4+ ¢ = 1.

6.

(i) Sketch the graph of the region R bounded above by the paraboloid z = 4 — 22 — y/?
and below by the plane z = 4 — 2x.

(ii) Evaluate the volume of R.

20



2023-2024 Fall
MAT124 Final
(11/01,/2024)

1.

(a) Find the critical points of the function

flay) =e (y* —2%)

and classify them.

(b) Find the maximum and minimum values of the function

fla,y, 2) = zy2*
by using Lagrange multipliers on the region D :x+y+2=1, >0,y >0, 2z > 0.

2.

(a) Sketch the domain of integration, and rewrite the integral by changing the order of

integration.
1 pl 3l
L/l/ f@zwdw@r+/‘ﬁ;yﬂ%yNMdy
0 Vi—y 1 =5

(b) Evaluate the integral
/ / Va2 +y?dA
R

where R is the region bounded by the line = 1 on the left and by the circle 22 + y% = 2
on the right.

3. Convert
2 V2 Va—r2
/ / / 3dzrdrdd, r>0
0 0 r
(a) to rectangular coordinates with the order of integration dz dz dy.
(b) to spherical coordinates.
4.

2

(a) Is F(z,y) = 2zy cos (z?y) i — x? cos (z?y) j conservative? Why?

(b) Show that

F(z,y,2) = (y*cos (zy?) + yz°) i+ (2zycos (zy®) + z2° + 2e¥%) j+ (2zyz + ye¥” + 22) k

18 conservative.

(¢) Find its potential function.

21



5. F(z,y,2) = (y*cos (zy?) + y2?) i+ (2zy cos (zy?) + x2° + 2e¥%) j+ (2zyz + ye¥* + 22) k
(a) Let C be the curve of intersection of the cone 2? = 422+9y? and the plane z = 1+x+2y
and D be the part of the curve C' that lies in the first octant z > 0, y > 0, z > 0 from
(1,0,2) to (0,1,3). Evaluate [ F - dr.

(b) Let C' be the curve of intersection of z* 4+ y* = 1 and z = 40. Evaluate [, F - dr.

6. Evaluate

y?
j{ —dr+ylnzdy
c X

where C' is the counterclockwise boundary of the region in the first quadrant bounded by

1 2
the curves y =z, y = z, y=— and —.
2 x x

22



2023-2024 Fall
MAT124 Resit
(29/01/2024)

1.

(a) Find the critical points of the function
fla,y) =42 — 6ay + y* + 2y

and classify them.

(b) Find the maximum and minimum values of the function
[y, z)=z+y+z

by using Lagrange multipliers on the ellipsoid 22 + 4y + 922 = 1764.
2.

(a) Sketch the domain of integration and rewrite the integral by changing the order of

integration.
1 pzV3 s s 2 pV4A—z2 s s
/ / e Y dyd;v—l—/ / e "V dydr
0o Jo 1 Jo

(b) Evaluate the integral
R 1+ rt

where R is the triangle with vertices (0,0), (1,0) and (1,1).

3. The following integral gives the volume of the region that lies inside the sphere 2% +
y? + 22 = 4 and between the planes z = 0 and z = 1.

/2 V3 pl T/2 2 VA2
V:4/ / / rdzdrd@—l—él/ / / rdzdrdd
0 0 0 0 V3.J0

(a) Write the integral in rectangular coordinates with the order of integration dz dy dzx.
(b) Write the integral in spherical coordinates.
4.
(a) Is F(x,y) = 2zysin (z%y) i — 2% sin (z%y) j conservative? Why?
(b) Show that
F(z,y,2) = (22 +y* +zcosx)i+ (2zy +e°)j+ (1 +ye” +sina)k
is conservative.
(¢) Find its potential function.

23



5. F(z,y,2) = 2x +y* + zcosx)i+ (2zy +€)j+ (1 + ye* +sinx) k

(a) Let C be the curve of intersection of the cone z? = 42%+9y? and the plane z = 1+x+2y,
and let D be the part of the curve C that lies in the first octant x > 0, y > 0, z > 0 from
(1,0,2) to (0,1,3). Evaluate [ F - dr.

(b) Let C' be the curve of intersection of z* + y* = 1 and z = 40. Evaluate [, F - dr.

6. Evaluate
j{ ($3 sin ( x? + 4) - :L‘ex“y) dz + (cos (y* + y) — 4ye™™) dy
c

where C'is the counterclockwise boundary of the parallelogram with vertices (2, 0), (0, —1),

(—2,0), and (0, 1).
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2023-2024 Spring
MAT124 Final
(04/06/2024)

1. Using Lagrange multipliers, find the closest point of the plane z + 2z + 1 = 0 to the
point (1,2,0).

2. Sketch the region and reverse the order of the double integral

1 px?/2 V2 px?)2
/ / dy dx + / / dy dx
0 0 1 r2—1

3. Sketch the region and use a double integral in polar coordinates to find the area inside
the cardioid r = 1 — cos @ outside the circle r = 1.

4. Sketch the region and use a double integral to find the volume of the solid bounded
above by the plane z = z and below in the xy-plane by the part of the disk 22 +y? < 4
in the fourth quadrant.

5. Find the surface area of the portion of the paraboloid z = 25 — 2% — 3/? that lies above
the zy-plane.

6. Using the change of variables u = x — y and v = x + y, evaluate the integral

//R@ y)sin (- o) dyde

where R is the region bounded by the lines x +y = 1 and z + y = 3 and the curves
22 —y?*=—1and 22 —¢% = 1.

7. Let R be the solid region bounded by the cone z = /322 + 3y? and above by the

sphere 22 + 9% + 22 = 9. Let
1:/// (2* +y°) dV
R

(i) Express (but do not evaluate) I as a triple integral in spherical coordinates.

(ii) Express (but do not evaluate) I as a triple integral in cylindrical coordinates.
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2023-2024 Spring
MAT124 Makeup
(27/06/2024)

1. Find the maximum and minimum values of f(z,y,z) = x — y + z on the sphere
2 +y? + 22 = 100.

2. Sketch the region and reverse the order of the double integral

3 Ay
/ / dx dy
0 y/3

3. Using a polar double integral, find the volume of the sphere with radius 4.

4. Find the surface area of the portion of the paraboloid z = x? + y? that lies in the
cylinder 22 + 4% = 1.

2 2
5. Using the change of variables, evaluate the area of the ellipse f—6 + 5—5 =1

6. Let R be the solid region bounded below by the cone z = /3x2 + 3y? and above by

the sphere 2% + y? 4+ 2% = 9. Let
I:///(x2+y2)dV
R

(i) Express (but do not evaluate) I as a triple integral in spherical coordinates.

(ii) Express (but do not evaluate) I as a triple integral in cylindrical coordinates.
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2024-2025 Spring
MAT124 Final
(18/06/2025)

1. Let f(z,y) = 6—2%—y? Find the tangent plane and normal line equations (symmetric
or parametric equations) of the graph of f at the point P(1,2,1).

2. Find all critical points of the given function f(z,y) = 2* + * — 3zy + 2 and classify
them (i.e., determine whether each critical point corresponds to a local maximum, local
minimum, or saddle point).

3. Find the maximum and minimum of the function f(z,y) = 8122 + y? subject to the
given constraint 422 + y? = 9 using Lagrange multipliers.

4. The equation 23 — 2y* + yx = 3 defines z implicitly as a function of x and y. It is given

that z = 2 when (z,y) = (—3,1). Evaluate % and g—; at (—3,1).

5.

(a) Reverse the order of integration and evaluate the double integral.

\/5 2—z2 9
/ / xe” dydx
0 0
2
/ / = ga
r T2+ y?

where the region R = {(z,y): 2 >0, y >0, 2 >0, 22 + y* < a?}

(b) Evaluate the double integral

6.

(a) Convert the triple integral into cylindrical coordinates. Do not evaluate the integral.

xyzdz dx dy

1 / 1_y2 /22 +y2
/1 A /{L"Q +y?

(b) Use a triple integral in spherical coordinates in order to find the volume of the sphere
centered at (0,0,0) with radius 3.

7.

(a) Determine whether the vector field F(xz,y, 2) = yi+ 2 j+ 22k is conservative and find
a potential if it is conservative.

(b) Evaluate the line integral [, F-dr for the vector field F(x,y,2) = zi—yj+ 2z k along
the curve x = t, y = t* 2 = 3 from (0,0,0) to (1,1,1).
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MIDTERM SOLUTIONS
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2011-2012 Spring Midterm I (28/03/2012) Solutions
(Last update: 28/08/2025 14:01)

1 b ) 1 27 . , 1 2 . »
A=—- [ r*df == (2—2sin6)” df = - (4 — 8sinf + 4sin® ) db
a 0 0

1 2 2
:5/ (4 — 8sin 6 + 4sin® ) d@z/ (2 —4sinf + 1 — cos20) df
0 0

2

1
= {29+4cos€+0— EsinZH} = (47 + 4+ 27) — (4)] :
0

(c) The slope of the tangent line in terms of r and 6 is

_ f1(0) -sinf 4 f(0) - cos O
(r0) ~ f(0) -cosf — f(6) - sinb

dy
dz

f(0) =2—2sin6, f'(0)=—2cosh

dy — —2cosf -sinf + (2 —2sinf) - cost —2sin 20 + 2 cos 6
dr  —2cosf-cosf — (2 —2sinf) -sinf  —sin20 — 2sinf + 2sin? 0
—2 2
dy :i:ﬁ_l
dx (2-v2,7/4) —V2

T
The tangent vectors to the curve at 6 = 1 are

<k,k<\/§—1>>, keR
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2.

(a) Choose three arbitrary points and determine the parallel vector of each of the two line
segments that connect the points.

AB=(-1-0,0— (1), 1—1) = (~1,1,0)
AC=(1-0,0—(=1),2—1)=(1,1,1)

The cross product of these vectors gives us the normal vector of the plane.

=10 11
11 1 1

[+

—(1-1-0-1)i—(=1-1—0-1)j+(-1-1—-1-Dk=i4+j—2k

—
The plane has the equation n- PPy = 0. Since C(1,0,2) is on the plane, the equation of
the plane is

llza—1)4+1(y—0)—2(2—2)=0 = z4+y—224+3=0

(b) Let P be a point on a plane, then the distance from any point R to the plane is the
length of the vector projection of ﬁ onto n. That is,

d—‘ﬁ

n|

The distance from D to the plane passing through A, B, C' can be calculated using

B R
d— ‘/ﬁ | =|0-0.0-(n.1-n | |7
(c) We have
v=BD = ),0-0,1—1) = (1,0,0)

The parametric equations for a line that passes through the point Py(zo, yo, 20) is given
by

T =x9+ vit

Y = Yo + vt teR

Z =29+ vst

Therefore, the parametric equations for the line passing through B and D is

r=—-1+4+1
y=20 teR
z=1
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(b) The length of the parametrized curve r(t) = (x(t), y(t), z(t)) for a < t < b can be
evaluated using the integral
b
i/

dr

dt
dt

The length of the curve is then

1
Z __/
0

1
= / \/(et sint + et - cost)” + (et cost — et sint)* + (et)” dt
0

dr

1
0 dt:/ ‘(etsint—l—et'cost, e cost — e'sint, et>‘ dt
0

1
— / \/th (sin2 t 4+ 2sintcost + cos? t) + et (coth — 2sintcost + sin? t) +e2tdt
0

:/OlVEdt:/olﬁetdt:\/get =1v3(e—1)

1
0

4.

(a) Factor the denominator.
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) Y+ 2 Y+ 2
lim

= lim
(@y)—(—1,-2) 22y — xy + 222 — 2 ()= (-1,-2) 22(y + 2) — x(y + 2)

I 1 1 1
= 1m et = | —
@y)—-(-1,-2) 22 —x 1—(-1) 2
(b) Apply the Two-Path Test.
42 43 4 0
y=1r — lim —7 — fm 0 —lim—r =2 =0
(z)—0,0) 24 + 92 (@y—00) zr+ 22 2022+ 1 1
4x%y 4 4
— 2 i — <2 =1 — =1 - =
y=v = (x,yl)lgzo,o) xt+ 92 slcli% 2zt :}:13(1) 2 2
Since 0 # 2, by the Two-Path Test, the limit does not exist.
5.
(a) Compute the first partial derivatives.
1 2x 1 2y
L, ) N V.
f x2+y2 x x2+y2 fy x2+y2 Y $2+y2
Compute the second partial derivatives.
b= 2 (2% +9°) — (22) - (22) _ 2y° — 2a° P 2(2® +9°) — (2y) - (2y) _ 2% —2y°
b (a2 + y2)° (22 4+ y2)* " (w2 + y2)° (a2 + y2)°

2y% — 222 222 — 2? 0]

Foe o = G g

z=22"+y* +4y+6
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2019-2020 Spring Midterm (08/06/2020) Solutions
(Last update: 28/08/2025 16:57)

_9 1 _
1. Let M be the line = _Y _ =z > =\, X € R. The direction vector of M is

—1 —2 1
u=(—1,-21).

Let v = (a, b, c), where a, b, ¢ € R, be the direction vector of L. If M and L are orthogonal,
the dot product of the direction vectors is zero.

u-v={(1,-2,1)-(a,b,c) =a—2b+c=0

a, b, c could be any number with the relation a — 204+ ¢ = 0. Let a = 1, b = 1. Then
¢=2b—a=2—1=1. The direction vector v is then v = (1,1, 3).

The parametric equations for a line that passes through the point Py(xg, yo, 20) is given
by

T =x9+ vit

Y = Yo + vt teR

Z =29+ vst

Therefore, using the point P, the parametric equations for the line L is

r=—-1+1
y=3+1t teR
z=1+3t
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3. The velocity and acceleration vectors can be obtained by taking the first and the

second derivatives of the vector function with respect to the parametrization variable,
respectively.

dR

Velocity vector : v(t) = i (—2sint, 2t, 2cost)
: dv .
Acceleration vector : a(t) = i (—2cost, 2, —2sint)

The speed of motion is the magnitude of the velocity vector, and the direction is the
normalized velocity vector.

Speed = |v(t = 71/2)| = \/(—2Sin g)2 + (2 : g)z + (2cos z)z = V4 + 72

v(t = 7/2) —2311112-226055

Direction — . :< 2’ " 2 2>:< 2 m >

- ) 70
[v(t =7/2)| NZE— Vit 2 i+ 2

v(t) = (—2sint, 2t, 2cost)
a(t) = (—2cost, 2, —2sint)
Speed of motion at t = g V4472

. . . s 2 T
Direction of motion at ¢t = — : <— , ,O>
2 VA4 + 72" 4+ 72
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4. Apply the Two-Path Test.
. 4 2 0

rT=1y = m e -=0

li 7
(@y)—(0,0) 2 + yb

y—0 y—0 1 4+ y4 1
zy? y° y°

3 . . .
Y (w,y)lg%O,O) x? 4y ylg(ll yb + b yli% 2y5 2

1
Since 0 # 5 by the Two-Path Test, the limit does not exist. Therefore, the function f is
not continuous at (0, 0).

5. The value of the function at the point (0,0) is 0. Therefore, we will show that the limit
L is also 0. For every € > 0, there exists a ¢ > 0 such that

0<y(@—02+(@y—02<6 = |f(x,y)—L| <e

%y x? x? x?
0=yl |——| <yl - 1= T <t
el R e ER S e
< x|+ ly[ <20 [mQZO,yQZO,\/$2+y2<5=>|£L“|<5,|y|<5]
Letézf.
2
Py | —92.- =

Since the limit is equal to the value of the function at (0,0), f is continuous at (0, 0).

6. v and v are functions of z and y. x and y are functions of r and #. Use the chain rule.

ou Ou Odxr Ou Oy . .
% =9 o a—y-a—ux-0089+uy-smﬁ—vycosH—vxsmH

v _ v @—l—@ 9y — 1@—1(—0 rsin€ + v, - rcos) = —v, sinf + v, cos
20  Ox 00 Oy 00 rof v Y T v

ou , 10v
5 = —v, sin 6 + v, cos O = ~9

ov  Jv Oxr Ov Oy

=91 o a—y-a:vw-cosﬁ%—vy-sinﬁz—uyCOSQ—l—uzsinG

gu _ Ou @—l—% 9y = —1%——1(—u rsinf 4 u,rcosf) = u, sin 6 — u, cos 0
00  Ox 00 Oy 00 rod 7 ’ Y o v

0 10
9 = Uy sinf — u, cos ) = -

or r d0
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dex

7. The total differential of R is
g = O g OB g — gy AT
or ré 7D

- Or
Since we estimate the percent change in R, we may take AR =~ dR. Therefore, dov =
x - 3%, dr = r - (—2%). Given also = 8cm, r = 2mm = 0.2 cm, the percent change can

>.100%:

dex

¢ x-3%—F-r~(—2%)

be estimated as

dR 1
E.1()()%:52:1:. (ﬁ
8. To identify the critical points, find where both f, = f, = 0 or one of the partial

derivatives does not exist.
f y — _8y

fac = —3ZE2 + 9a
fr =0 = 9 =322 - B
fy=0 = —8y=0 y=0r==%V3
The critical points are (\/§ , O) and (—\/3, 0). To classify these points, calculate the second
partial derivatives and then find the Hessian determinants.
—6x, fmy:fy:rzoa fyy:_S

fmx =

fa::c:_6\/§7 fa:y:()a fyy:_8
0 ‘: (=6v3) - (—=8) —0-0=48V3>0, fu <0

(ﬁ’())% ‘—6\/3
0 -8

f:vac :6\/57 f;ty =0,
0 ‘: (—6/3) - (—=8) —=0-0 = —48/3 < 0

(_‘/3’0>% ‘6\/3
0 -8

fyy =8

A local maximum occurs at (\/5, O) and a saddle point occurs at (—\/5, 0) :
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2019-2020 Summer Midterm (15/08/2020) Solutions
(Last update: 30/08/2025 01:52)

1. The normal vector of the plane is the gradient vector. Find the normal vectors of the
planes and calculate the cross product of these vectors. The resulting vector is parallel to
the intersection of the planes.

n, = <1, —1,0), n, = <3,0, 1>

ik B )
vemxm=|1 1 0 |=i| (1)‘—’; (1)'+k’;) 01‘:_1—j+3k
30 1

The parametric equations for a line that passes through the point FPy(xg, yo, 20) is given
by

T = 29+ V1t

Y = Yo + vl teR

z = zg + v3t

Therefore, the parametric equations for the line L is

T = —t
y=2-—t teR
z=1+3t

2. The vector that is parallel to the direction of the line is
u=(-1-1,0-24-1)=(-2,-2,3)

If the vectors v and u are orthogonal, the dot product of these two vectors must be equal
to zero.

vxu=(1,54)(=2,-2,3)=1-(=2)+5-(-2)+4-3=-2-10+12=0
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4. Apply the Two Different Paths Test.

—r — TV AN
Yy=2x (x,y)gl%o,o) 27 4 212 - xl_rf(l) 27 (1+ m7/2) - xli% 1+ 27/2
5,3 7
=P = li Y = <

=Y lfim-— ==
()00 27 + Y22 o0 207 2

1
Since 0 # 3 by the Two Different Paths Test, the limit does not exist.

5. For every € > 0, there exists a 0 > 0 such that

0<\(x—02+(y—02<6 = |flz,y)—L| <e

0
1

=0

The value of the function at (0,0) is f(0,0) = 60?4 7-0% = 0. So, we expect that the

limit of the function at this point is 0.

|62% + 7y?| = 62® + 7y (2> >0, y*>0]

622 + 7y* < 72”4+ Ty? =7 (2 +47) < 76 [0 < Vi< 5]

€
td=4/=.
Se \/;

\f(z,y) — L] = 62> + Ty* — 0| = 62> + Ty> < 76> = ¢
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Since the limit is the value of the function at this point, f is continuous at (z,y) = (0, 0).
6. w is a function of x, y, z and z, y, z are functions of r, s, t. Namely, w = w(z,y, z), x =
x(r,s,t), y =y(r,s,t), z= z(r,s,t). Apply the chain rule.

ow_ow 00 0w oy 0w o
or  dx Or Ody Or 0z Or

ow ow ow
o _ ez:zz—y+322 .2, 3 _ e?x—y+3z2 . (_1)7 5. _ e2x—y+322 . (62’)
0 0 0
(‘3_97f =1, 8—‘;{ =2, 8_i = —2sin(rst) - st
ow 20 —y+322 20—y+322 20—y+322 _: 2x—y+322 :
5 = 2e°7Y — 2e YT — 122e YT gin(rst) st = | —12zst - ¥ 7Y - sin(rst)
-

7. The volume and the surface area of a right circular cylinder are as follows, respectively.

D2h D?
V(D,h):”4 , S(D,h)zth+7T2 :

where D is the diameter of the base and D = 2r.
(a) The total differential of V' is

AV =Vp-dD+V, -dh

Calculate the partial derivatives.

wDh 7w D?
Vp = —— V=
D 9 5 h 4

It is given |dD| < 0.5, |dh| < 0.5, D =4, h = 8. The bounds for the propagated error in
calculating the volume is

4.8 42
|dV|§7T2 -0.5+7r4 -0.5 = 87 + 27 =| 107 cm® |

(b) The total differential of S is

dS = Sp-dD + Sy - dh
Calculate the partial derivatives.
SD:ﬂ'h—i-?TD, Sh:TFD

It is given |dD| < 0.5, |dh| < 0.5, D = 4, h = 8. The bounds for the propagated error in
calculating the surface area is

dS| = 7 (8 +4) - 0.5+ 47 - 0.5 = 67 + 27 = | 87 cm?]
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8. The normal vector to the surface is <0, Inz, ¥+ 1>. At the point (1,0,2), the normal
vector is (0,In2,1). The dot product of the normal vector to the surface and the vector
that is parallel to the direction of the line is 0. Let v = (0, b, ¢) be the direction vector of
the line. The z-component is 0 because the line is parallel to the yz-plane.

(0,In2,1) - (0,b,¢) =bln2+c = => g: —1In2

The slope of the line is % on the yz-plane, which is g Therefore, the slope is .
Y

9. The equation for the tangent plane to the surface defined by z = f(x,y) at a point
Po(z0, Y0, 20) is given by z — 2o = fo(z — 20) + f, (¥ — v0)-

20=0, yw=1, 2=3, fo=cosz+ye™”, f,=ze"+2
P=(0,1,3) — f.(0,1)=2, f,(0,1)=2

The equation for the tangent plane is

2—=3=2(x—-0)+2y—1) = z=20+2y+1
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2020-2021 Spring Midterm (28/04/2021) Solutions
(Last update: 28/08/2025 14:04)

1.

(a) Two lines are skew if they do not intersect and are not parallel.

y+1

LetLbethelinex—lzg,y:Oandeethelinex: = 2. Let u and v be

the vectors that are parallel to these lines, respectively. Using the coefficients from the
symmetric equations, we have u = (1,0,3), v = (1,2,1). If the cross product of these
vectors is a non-zero vector, they are not parallel.

k
3| =i
1 2

3 .01 3 10 s o
1‘— ‘1 1‘+k‘1 2‘——61+2J+2k7é0

=

I

c

X

<

|
= = e
N O &~

Parametrize the lines and determine whether they intersect.

r=1+1t r=Ss
L=< y=0 teR M=< y=2s—1 selR
z =3t zZ=3S5

1
Compare the y-components. If 2s — 1 =0, then s = 3 If we substitute the value for s in

1
the z- and z- components and compare, we obtain 1 + ¢ = 5 and 3t = 3
1 1 1 3
1 —_ — = — = — — —
+t 5 ==t 5 3t 5 t 5
1,3
273

This leads to a contradiction that the lines intersect. Since the lines do not intersect and
are not parallel, the lines are skew.

(b) From (a), we have the normal vector n of the plane. The equation for the tangent
plane with the normal vector n containing the point Py(xo, vo, 20) is given by ny(z — o) +
n2(y — Yo) +n3(z — 20) = 0.

ro=1, y=3, z=5H, n=-—6i+2j+2k

The equation for the tangent plane is

—6(x—1)+2(y—3)+2(z—5)=0 = |-3x+y+z2=5
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3. Find R(1).

R(l)=i—k

For ¢t = 1, we have the point (1,0,—1) on the curve. The tangent vector of this curve is
the first derivative of R with respect to the parametrization variable.

TF:%%::<2(1+2$M%d»> (%hﬁ)j+(%cm@ﬂ)k

1
= (4w cos(27t))i + (;) j+ (—msin(nt))k
At t = 1, the tangent vector is T(1) = (47)i+j. The parametric equations for a line that
passes through the point Py(xg, 3o, 20) is given by

r=ux9+ Tiu
Yy =1yo + Tou ueR
z=zy+Tsu

Therefore, the equation of the line that is tangent to C' is

=1+ 4nru
Yy=u uelR
z=-—1

4. The value of the function at the point (1, —2) is 4. Therefore, we will show that the
limit is also 4. For every e > 0, there exists a ¢ > 0 such that

0<\(x—12+(y+22<0 = |flz,y)—L| <e

—4=2e—y—4 =20z - 1)+ (-y - 2)

4x2—y_4‘:‘(2x—y)(2x+y)

2 +y 20 +y
<2z =1+ |-y —2| (Ja+0b| <la|]+ |b] — triangle inequality)
=2z — 1]+ |y + 2|
Since \/(:U +y+22<d = (-1 4+ (y+2)? < and (x — 1) > 0 and

(y+2)? >0, Wehave lz — 1| <6 and |y + 2| < 4.

2 — 1|+ ly+2] <20+5 =30

€
Let § = ©
¢ 3
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4% —y
2v+y

€

3

=€

—4’§2\x—1\+|y—|—2|§3-

Since the limit is equal to the value of the function at (—1,2), f is continuous at (—1,2).

5. Apply the chain rule.
ow Ow Odxr OJw @ ow 0z

ou 0z ou oy oul 9z ou

ow 1  Ow cosy Ow  x+siny
or 2z oy 2z 0z 22
Oz 1 oy w 0% 1
_— = — = e _— = ——
ou u+v  Ou T ou u?
ow 1 1 cosYy .,  Z+siny 1
- = — . + - ve _|_—_
ou z u+w z 22 u?

u
— uv uv 1 : uv
u—i—v+e uv cos (€") + In(u + v) + sin (™)

6. The volume of a right triangular prism with opposite and adjacent sides and height
a=2>5,b=3, h=61is given by

V(a,b,h) = %abh
For small errors, AV = dV. The total differential of V' is
AV = Vyda + Vydb + Vi, dh
Compute V,, V,, V..

1 1

1 1 1
Va:—bh:—-3-6:9’ V:— = — . . :1’ = — = . . = —
5 5 b 2ah B 5-6 5 Vh 2ab 5-3

Given that |da| < 0.4, |db| < 0.4, |dh| < 0.4. Calculate the bounds for the propagated
error.

15 63
|dV| §9-O.4+15-O.4+?-0.4: =

7. Let g(x,y,2) = 2* + 2y* + 2% — 1 be the constraint. Solve the system of equations
below.

Vf=(1,0,-1) = X(2x,4y,22z) = A\Vyg
o) (1,0,-1) = A (22,49, 22
-

9(%%2):0 1 1

- —0 or \= -
on Y=o A=0e=mon
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1 1
— =1 = A=*=—
22 V2
1 1 1 1 1 1
A=— = o=—,y=0,2=—F+ A=—F— = 2=——,y=0, 2= —
5 5 Y V2 32 V2 Y /2

e i s S S

Compare the values f(0,0,0), f (%,O, —%) . f <—%,0, %)

The minimum value is —\/5, the maximum value is v/2.

8. To identify the critical points, find where both f, = f, = 0 or one of the partial
derivatives does not exist.

fe=32"+y, f,=-3y"+z

f,=0 — 32 =2 —y=2Ty = Y@y +1) =0 = 1y =0, p=-3
= €r1T = = — — To = —
Y1 1 Y2 3 2= 3
The critical points are (0,0) and (%, —%) To classify these points, calculate the second

partial derivatives and then find the Hessian determinants.
f:ca;:6x7 fzy:fylea fyy:_6y
foo =0, foy=1, fpy =0
(0,0) — 0 1
’ 10 ‘:0-0—1~1:—1<0
fm“:27 fwyzla fyy:2

1 1)
_7 J— %
<3 3 ‘f ;':2-2—1-1:3>0, oz >0

1
: _5) and a saddle point occurs at (0,0).

Wl

A local minimum occurs at (

45



2021-2022 Spring Midterm (20/04/2022) Solutions
(Last update: 26/08/2025 23:42)

1. Apply the Ratio Test for absolute convergence, and apply other tests at the endpoints.

okl
lim In(k+1)- -z k

k- In(k+1)
k00 k+1 In(k) - z*

k+1 (k)

= lim
k—oo

v —[z]-1=lal

k/(k+1) —1and In(k)/In(k+ 1) — 1 as k — oo. Therefore, the limit is |z|.

lz] <1 = —1<az <1 (convergent)

Investigate the convergence at the endpoints.

Inz
Take the corresponding function f(x) = ——. The function is continuous and positive
x

for x > 1. It is also decreasing for = > e because x grows faster than Inxz. Confirm the
behavior by taking the first derivative.
~1—Inz

f(z) = = < 0 for z>e

We may now apply the Integral Test.

*Inx . Blng 1 of 1 2 2
——dzx = lim —dr=lim = (lnz)’| == lim (InR)*—(In1)*) =00
1 T R—oo [ T R—o0 2 1 2 R—oo
. . . . ~=Ink ,
Since the integral diverges, by the Integral Test, the series g e also diverges. Try
k=1

r=—1.

e =
k=1

In
This is an alternating series. The non-alternating part, which is ——, is nonincreasing for

k > e and it is positive. The previous cases are already confirmed for = 1. The limit at
infinity is 0. By Leibniz’s Alternating Series Test, the series converges.

Thus, the convergence set for the power series is [[—1,1) .

2. If w- (ux v) =0, the vectors are coplanar. Because u x v is perpendicular to u and
v, and the resulting vector is also perpendicular to w. Compute the cross product.
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i j k
uxv=|1 3 1 |=i _31 —lll_j'; _11’+k‘; _31‘
2 -1 -1

=(-1-3=1-(-1)i—(-1-1=2-1)j+(-1-1-3-2)k=-2i+3j— 7k
Compute the dot product.
w-(uxv)=(7j+3k)-(2i+3j—7k) =0-24+7-3+3-(=7)=0

Therefore, all the vectors are coplanar.

3. Fory=3,2y—2=5 =— 6—2=5 = z=1LForz=1L2r—-1=2 —= z—1=
1 = x = 2. Therefore, the point where the line and the plane intersect is | (2,3,1)|.

4.

(a)
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5. Apply the Two-Path Test.

Ty? a3 x 0

m _0
(w,y)gr%O,O) x4yt 220 x? + zt xli%l—f—ﬁ 1

vyt oyt ]

Yy=x e

2 .
vy (w,y)gr%0,0) x? + yt Y0 2yt 2

1
Since 0 # 2 by the Two-Path Test, the limit does not exist.

6.

(a) Apply the product rule.

2 [(re &) -] - Zum

(8P—%.8—V> (V—B)+<P+£ (%):k

T V3 OT V2)
oP 9V [ 24 24B\ 0V A
(V—B)a—T-l-a—T(—W-i- 3 )+8—T(P+W) =k
opP
gy k+(B-V)os
T 2AB A
Pty —w»

(b) Apply the product rule again.

48



()] -

oP 2A A oT
(W—W)(V—B)JF(PJFW)-l_k—

5%
oP 2A 2AB orT A
V=Bgy—v=tvs ~fgy P 1=
oT A 2AB
ke — P+ — —
oP _ "ov V2 V3
ov V —-B

7. z=z(z,y), x = z(t) and y = y(t). Apply the chain rule.

dz 0z dx 0z @_

% — % . % + 8_y = = (Qx—y)(— smt) + (2y—x)(cost)

= (2cost —sint)(—sint) + (2sint — cost)(cost) = sin*t — cos*t = — cos 2t
The result is then

dz

—| =—cos0=[—1
dttzo COS -

8. Let f(z,y,2) =2+ y?> — 2 =0 and g(z,y, 2) = 22 + 2y* + 2* = 8 be level surfaces.
The tangent line is perpendicular to both Vf and Vg at P.

Vf=1(2x2y,-1), Vg=(4z,4y,22)
Vf(P) = <_2727 _1> ) Vg<P) = <_47474>

J
T=VfxVg=|-2 2 —1

=2 4—4-(1)i—(-2-4—(4) - (1)j+(-2-4-2-(—4))k = 12i + 12j

The parametric equations for the tangent line is

r=—1+12¢
y=1+12¢ teR
z=2
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2022-2023 Spring Midterm (08/05/2023) Solutions
(Last update: 25/08/2025 23:50)

Plane x =0 Plane y =0

z z

N
/

V. e
100 g | e

Plane x =0 Plane y =0

|
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Plane z =0

2. Apply the Two-Path Test.

3 7/2 3/2
. YT . T . T 0
ey ) 200 2 (22 + yt)  ao02(22 +20)  e902(1+a?) 2
3 4
2 . Y \/5 Y .1 1
= e 1 _— 1 _— = 1 _ = —
r=y (m,y)li}%0,0) 2 (x2+y*) yl—r>r(l) 4oyt yl—r>% 4 4

1
Since 0 # 7 by the Two-Path Test, the limit does not exist.
3. Let f(z,y,2) = x2* — 2zy + y*> = 2 and g(z,y,2) = vz — 2%y + 22 = 1 be the level
surfaces. The cross product of the gradient of these functions give us the vector that is
parallel to the line of intersection. Compute the gradients.

Vf= <z2 — 2y, —2x + 2y, 2azz> , Vg= <z — 2y, —a%, x + 22>
vf|(0,\/§,1) = <1 - 2\/§a 2\/57 0>7 Vg|(0,\/§’1) = <1, 0, 2)

Find the cross product.

i j k
n=VfxVg=|1-2v2 22 0
1 0 2

=i

2v2 0] .[1-2v2 0 Lk 1-2v2 2V/2
o 2|7 1 2 1 0

:(2\/5.2_0.0)1_[(1_2\/5).2_0.1]j+[(1—2\/5)-0—2\/5-1)k

— 4V2i+ (4f—2) i+ —2v2k
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The line of intersection is the normal line of the plane. Therefore, n is the normal vector
of the plane. The equation of the plane with the normal vector n and containing the
point P(xg, yo, 20) 18

ny(x — x0) +n2(y — yo) +n3(z —20) =0

Therefore, the equation for this plane is

4\/§(x—0)+(4\/§—z>(y—1)—2\/§(z—2):0

2x\/§+y<2\/§—1>—z\/§+1:0

4. Apply the chain rule.
ow Ow Jdxr OJw Jdy Ow 0z

s 0z s oy s 0z 0s

Compute the partial derivatives.

0
8—l;:yln<1—l—\/x2+y2>+xy-

1 x
: +
14 /a2 + 2 <\/x2+y2> ’

ow 1 Y ow
_ 2 | .2 ) . =
3y mln(l—l—\/m +y>+:cy L+t <\/x2—|—y2>7 5.

ox ] @ B 0z 25

— S

- = _e’ - =
0s " Os Js s2+t

-1

%_1;} = [yln (1—|-\/x2—|—y2> +zy -

1 x
1+¢m'<¢m)”

s 2xs

+ s+t

x1n <1+ \/:E2+y2> +ay -

1 y
T+ /7 (m)

Write in terms of s and ¢ rigorously.

Jw (t+s)?-e
_ s 2 2s 2
e e ln<1—|—\/(t+s) +e >+ ( +1In(s*+1t)

t+s)?+ e + (t+5)* + e

0 e (1 TP ¢

t+s)2+e¥ 4 (t+s)2+e2

25(t+s)
52+t
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5. Let f(x,y) = tan (zy?). The total differential of f is

df = f.dx + f,dy = sec? (a:yz) -y? dx + sec? (a:yQ) 2xy dy

Since # = 0.97 ~ 1 and y = 2.05 ~ 2, we may approximate the value of tan (0.97 - 2.05?)
near tan (1-2%) = tan4. Takez =1,y =2, dv = 0.97—1 = —0.03, dy = 2.05—2 = 0.05.

df =sec?4-4-(—0.03) +sec’4-4-(0.05) = 0.08sec’ 4

Since f(x + Az, y + Ay) = f(x,y) + df, the value of tan (0.97 - 2.05%) is approximately

‘tanél +0.08sec? 4 ‘

6. The function f has the minimum rate of change if the gradient vector of f and the
unit direction vector u are antiparallel. That is, they have opposite directions.

V= 1 z Y
C\2VT Fyz 2y Fyz 2T Fyz
(V) = [V |ulcosm = <[V f]

131 1\* 3\, (1Y’ 11
Vf|(1,1,3)=<1,1,1> = —|Vf|:—\/(1> +(Z) +<1> :_g

Since u has the opposite direction to that of the gradient, we may also find the components
of u.

u = _ )
V/] vi

Vi <i’§i>:< L3 1>

1 VI VI VI
V11 1 3 1
The minimum rate of change: ———, the direction vector: <— ,— ,— >
4 V1l V11 V11

7. f is continuous on a bounded and closed set on R. By the Extreme Value Theorem,
the extrema must exist in the region or on the boundary.

First, determine where f, = f, = 0 to find the critical points.

Je =21 -y, fyzl_x
foi=f=0 = 20-y=0, 1-2=0= 2=1, y=2

f(1,2)=5
Take a look at the boundary. From (0,0) to (4,0), we have y = 0.
d
y=0 = f(z,0)=2"+4 — %(x —4)=22=0 = z=0
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f(0,0) =4
From (0,0) to (0,4), we have z = 0.

d
r=0 = f(0,y)=y+4 — d—y(y+4):1750

From (4,0) to (0,4), we have z = y.

y=4—-v = f(r,d—z)=2*+{@d—-2)—24d—2)+4=22"> -5z +8

d 5
d—(2x2—5x+8):4x—520 = r= Y=

x
5 11 39
/ (1’ z) =5
We also have f(0,0) = 5, f(4,0) = 20, f(0,4) = 8 from the vertices of the triangular

region.

Compare all the values f(0,0), f(1,2), f(4,0), £(0,4), f (2, 4).

Absolute minimum: f(0,0) =4, absolute maximum: f(4,0) = 20.
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2023-2024 Spring Midterm (26/04/2024) Solutions
(Last update: 27/08/2025 23:24)

Plane x =0

z

Plane z = 0 (No intersection)

Plane

y=20

Y
Plane £ = 0 Plane y =0
z z
2 _ 9.2
209+ 1 =3z 22 1] = 322




Plane z = 0 (No intersection) P+ 2y —32°4+1=0

Y

?@

2. The € — ¢ definition is the formal way of calculating the limit of a function at a point
(20, %0). According to the definition, for every e > 0, there exists a § such that

0<V(z—20)2+(y—wo)2 <6 = |f(z,y) — L] <e
where L is the limit.
Then for every € > 0, there exists a d such that
0<Val+y?<d = |22+ <e

}2x2+y2‘ <222 442 [xQZO, yQZO]

2x2+y2§2x2+2y2:2(x2+y2) < 26* [\/:1:2+y2<5 — 2%+ < §?

Let § = E.
2

2
227 + 97| <2 (2” +9%) < 2 ( f) =2
This shows that the limit is equal to 0.

3. The coefficients of the parametrization variables have the same ratio. That is, they
are parallel. Choose P(3,3,3) on [; and P(1,2,1) on l5. The cross product of u =
(3, —1,2), which is parallel to the lines, and the vector v joining P, and P, where w =
(3—1,3—-2,3—-1)=(2,1,2), gives us the normal of the plane.

i j k
-1 2 3 2 3 —1
n=uxv=|3 -1 2 |=1i ‘—‘ ’—l—k‘ ‘
5 1 9 1 2 2 2 2 1

—(=1-2—-1-2)i—(3-2-2-2)j+ (3-1—2-(—1))k = —4i — 2j + 5k
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—
Using the definition n - PP; = 0, where P is a point on the plane, the equation of the
plane is

s
P =

n-P 0 = (—4,-2,5)- (x—3,y—3,2—3)=0

— —4(x—-3)—2(y—3)+5(2—3)=0 = |—4dx—2y+52+3=0

4.

(i) Use the definition of the partial derivative.

0+ h)2 . o(0+h)?+0

koo = lim FO+ h>0})L— f(0,0) - 0+ hf): 02 ,{E%%
= 00 (f, does not exist)
02 . 0> +(0+h)
o = fiy =R iy EECEE i~

(ii) f, is a finite number. However, since f, does not exist, f is not differentiable at (0, 0).

5. w and v are functions of x and y. x and y are functions of r and #. Use the chain rule.

ou Ou Ox Ou @

—_— =+ — = Uy - CcOs O +u, -sinf = v, cosf — v, sind
or  Ox 8T+8y or Ty v

Qv _Ov Oz Ov 0y _ L1ov_1._ in6 + 0) = —v, sinf + 0
9~ 2z 96 T2y 20 99 — (Va7 vy -rcost) = —v,s v, COS
ou ) 10v
E_—Umsm@ijycosQ—;%

ov Ov Or Ov Oy

E—%-5+a—y-§:vx~cose+vy-sin9:—uyCOSG—i-uxsin@

u_ Ou @—I-@ 9y —= —1@——1(—u rsin 6 + u,r cos ) = u, sin @ — u, cos 6
00  ox 00 Oy 00 rof  r i Y T Y
Ov , 10u
E—%sm@—uycos@——;%
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6. The function f has the maximum rate of change if the gradient vector of f and the
unit direction vector u are in the same direction. Apply the quotient rule to compute the
gradient of f.

Y L. . — 2%y . Yy —
vf:<(2 y-1n2) -z —2 (1),2wy-1n2>:<2 (yxIn2 1),2wy~1n2>

2 22

(V) = [V |l cos 0 = [V f]

Vil = 22 -2,2In2) = [Vf] = /(2In2—2) + (21n2)’

— 92222 —2In2+1

The unit direction vector w is

_Vf  (2In2-2,2n2) In2-1 In2
IVl 9v/2In22 —2In2+1 V2In22 —2In2+1 V20?2 — 22 + 1

The maximum rate of change: 2\/2 In*2 —2In2+1

In2—-1 In2
The direction vector: < I - >

V2In22 —2In2+1 V21022 — 22 + 1

7. Apply the chain rule.

o=+ DL -—y+3)+(@-1) - 1]=@E+1)2r-y+2)
=2y — vy +2y+ 20 —y+2=—y  +y+ 22y +22+2
fy=@@-1D1 (z-y+3)+y+1) (1) =(@-1)(=-2y+2)
=2 2oy + 20 —ax+2y—2=2a’—2ay+ax+2y—2

The critical points occur where one of the partial derivatives does not exist or f, = f, = 0.
f and f, are continuous everywhere. Therefore, we may simply determine where f, =

f,=0.

2oy — P +2y+2r—y+2=0 (1
o= by =0 = i 220 ()} 7oyt 3t y) =0

= @—yl+y +3@@+y) =0 = (z—-y+3)(x+y)=0

We have two cases: x +3 =y or x = —y.
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Casel:iz=—y % 2 22 41y—2y+2=0 — 3y —y+2=0

2
= 2-3y)y+1)=0 = yl:ga Yy = —1

2 2
y1:§:>x1:—§ y2:—1:>3j2:1

CaseIl:x+3=y SO —(r+3)*+22(r+3)+x+3+22+2=0

— 22— 62 —-9+2224+62+3x+5=0 = 22 +3x—-4=0

—3+49—-4-1-(-4) —-3+5

= — m3=—4 =1 = y=-1yu=4
X34 5.1 B T3 y L4 Ys y Ya

To classify these four critical points, apply the Second Derivative Test.

frz =20+2, foy=fpa=22—-2y+1, f,=—20+2

S22 10 10
3’3 3 3 10 10 5 5 25 10

fzx:0> fxy:57 fyy:O

(1,-1) — 0 5
50 =0-0—-5-5=-25<0

Jor =0, fay = =5, [y =10

(_47 _1) — ‘ 0 -5

e 10 ‘:0-10—(—5)’(—5):—25<0

f:va:zloa fa;y:57 fyy:O

‘:10-0—5-5:—25<0

A local minimum occurs at | —=

Saddle points occur at (1,—1),(—4,—1), and (1,4).
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2024-2025 Spring Midterm (09/04/2025) Solutions
(Last update: 29/08/2025 01:59)

1.
(a) Determine whether the graph is symmetric about the z-axis.
(r,0) — r = 2cos(30), (r,—0) — r = 2cos(—30) = 2 cos(30)

(r,0) is on the graph, and the graph is symmetric about the x-axis. Determine whether
the graph is symmetric about the origin.

(r,0) — r = 2cos(30), (r,04+m) —r=2cos(—3(0+ m)) = —2cos(30)

(r,0+m) is not on the graph, and the graph is not symmetric about the origin. Determine
whether the graph is symmetric about the y-axis.

(r,0) — r = 2cos(30), (r,0 —m) — r =2cos(—3(0 —m)) = —2cos(30)

(r,6 — ) is not on the graph, and the graph is not symmetric about the y-axis.

150° 30°

240° 970° 300°

(b) It is sufficient to calculate the area of the upper half of the leaf right to the y-axis and
multiply the result by six.




1 7r/6 1 7"'/6 ”/6 1 _
- / (2cos(30))% df = ~ / 4cos?(30) do = 2 / L= cos(60) 4
2 0 2 0 0 2

The area is then

2.
(i) Multiply each side by r.

r=2sinf+2cosf = r?=2rsinf + 2rcosh

Using the equations x = rcosf and y = rsinf, we get
x2+y2:2x+2y — x2—2x+y2+2y:0 — x2—2x—|—1—|—y2—2y+1:2
2
— -1+ -1 = (v2)

This is a circle with radius v/2 centered at (1, 1).

(ii) Rearrange the equation.

sin 8 9

cos’h = rsind

= rcos’f =sinf = r

r =tanfsect =
cos2 0

Using the equations = rcosf and y = rsinf, we get the parabola 2% = y, where its
branches open upward along the y-axis with the vertex (0,0).
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Y
4 1
3 y = 22
2 1
1 1
‘ ‘ xr
—2 —1 1 2

3.
(a)

(i) If u and v are perpendicular, the dot product of these vectors is equal to zero.

uv=(6,-32)Up+1,p—2, 1) =6(4p+1)-3(p—2)+2-1 =21p+14=0 = p=|—=

(i) If u and v are parallel, the cross product of these vectors is equal to the zero vector.

i i k
.| -3 2‘ ‘ 6 2‘ ‘ 6 —3 '
uxv= 6 -3 2 |=i -] +k
Ip+1 p—2 1 p—2 1 dp+1 1 dp+1 p—2

— 1 (=3) = 2(p— i — (61— 2(4p+ 1))j + [6(p — 2) — (~3) (4p + ]k

=1-2p)i—4-8p)j+(-9+18p)k=0 = |p=

1
2

(b) The sides of an equilateral triangle have the same length.

AB = (35, 1—1,5—3>:(—2,0,2>—>)ﬂ§‘:\/(—2)2+02+22:\/§

1@:<5—5,3—1,5—3>:(0,2,2>—>‘B‘:\/02+22+22:\/§
@:(5—3,3—1,5—5):<2,2,0>—>‘@‘=\/22+22+02:J§

Half of the magnitude of the cross product of two vectors gives us the area of the triangle.

s ] - 4

il 1vsvE L o
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4.

—
(a) The planes have the same normal n = (1,1,1). Using the definition n- PP, = 0, we
obtain

lz—1)+1y-2)+1(z=3)=0 = [z +y+2=6

(b) The direction vector of the line is the normal vector of the plane. Therefore, the
parametric equations for the line L is as follows.

r=1-+t
y=2+t teR
z=3+t

(c) Substitute the equation of L in the equation of the plane R.

5
r+y+z=1 = (14+)+2+t)+B+t)=1 = 3t+6=1 = t:—g

) 5 4
! Y 373 ° 373

2114
Therefore, the point of intersection is (—— 3 —> )

5.

(a) Apply the Two-Path Test.

23y ' o . 22

=r = i —— =1 1 = -
e (w,y)g%,o) xb + y? 250 6 + 22 250 zr+1 1

3= i x3y li 0 i 1 1
=T im ——=Ilim—=Ilim-=-
Y (zy)—=(0,0) 26 +9y2 =026  2—02 2

1
Since 0 # 2 by the Two-Path Test, the limit does not exist.
(b) We have the inequality |sin @] < 1 for all values of §. Therefore,
1 <si ! <1 [ t f 0 0]
— sin (| ——— except for x =0, y =
4 4 ( 1 ) 4
— " <zx'sin| ——— | <«
22 + [y
: 4 : 4 . 4 . 1
lim —2"= Ilm 2°=0— lim 2" sin (2—) = @
(2:1)—(0,0) (2.9)=(0,0) (2.4)=(0,0) 22 + |y

By the squeeze theorem, the limit is equal to zero.
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6.
(a) Parametrize the curve using 0 <t < 2.

r =cost, y =sint, z = 4cos’t, <t<2m

0<1t
r(t) = (cost, sint, 4 cos*t) 0<t<

\)

™

(b) The tangent vector can be obtained by taking the first derivative of the vector function.
T(t) =r'(t) = (—sint, cost, —8 costsint)

The unit tangent vector is

T(t) (—sint, cost, —8costsint) _ (—sint, cost, —8costsint)
IT®)|  \/(—sint)? + (cost)2 + (—8 costsint)?2 V1 + 64 cos? tsin?t
7r
Att =~
27

. s T, m
T(t = 7/2) <—sm 5 cos —, —8 cos — sin §>

= 2 2 =1(~1,0,0)
T(t =7m/2 o
IT( m/2)| \/1+64cos2gsinzg

(¢) The length of the parametrized curve r(t) = (x(t), y(t), z(t)) for a < t < b can be
evaluated using the integral
b
i/

dr

dt
dt

The length of the curve is then

27
/
0

7. This is a circular paraboloid with the vertex (0,0,2) opening downward along the
z-axis.

dr
dt

27 21
dt = / \/1+64c082tsin2tdt:/ V1 + 16sin2 2t dt
0 0

Plane x =0 Plane y =0
z z
Y x
2= —y>+2 z=—x%+2
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Plane 2z =0

Y

/![’24’?]22;1;
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FINAL SOLUTIONS
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2019-2020 Spring Final (01/07/2020) Solutions
(Last update: 30/08/2025 02:16)

1. Let g(x,y, 2) = 2%+ y* + 22 — 100 and then, solve the system of equations below using
the method of Lagrange multipliers.

Vf=(1,-1,1) = A (2z,2y,22z) = \Vyg

Vf=\Vg }

g(x,y,z) =0 1 1 1

Use the constraint.

1\? 1)? 1)? 3 3
g(x,y,2) =0 = <—) +<——> +(—> =100 = — =100 = A\ = i\/—_

2\ 2\ 2\ 4)\2 20
V3 103 10v3 10v/3

A=+ — —i_ — Ve A
20\ y=F73 ~ 3

The absolute extrema occur at (10:;/3, — 10§/§’ 10§/§> and ( 1o\f’ 10:})[, 10§/§>.

f<1o;/§7_103¢§,1o;/§)_10\/— f< 10v/3 10?{ 10;/5)2_10\/5

The minimum value is —10\/§ and the maximum value is 10\/5.

2. Recall that 12 inches is 1 foot. The volume of a right circular cylinder is

V(r,h) = mr?h
The total differential is
dV =V,.dr +V,dh =7 (2r - h) d7"—+—7r(7"2 . 1) dh
Set r=1, h=4, dr = —0.2/12 = —1/60, dh = —0.4/12 = —1/30.

AV =m(2-1-4)- (-%) + 7 (12) (—%) :_%

Calculate the volume of the outer cylinder.

V(1,4) =n-1*-4 =4r

Take AV =~ dV = —%. Therefore, the volume of the interior can be approximated as
follows.
T 237
Veadrn — — = —
"T6 6
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3. We have x = rcosf and y = rsinf. Compute the first-order partial derivatives.

0: _0: 9x 0= Oy 0:_0: 0r 0z Dy
or  Odx Or Oy or’ 00  Ox 00 Oy 08

T dy . ox ) oy
ar—cose, ar—smﬁ, 50 rsind, ae—rcos&,
. 0z 0z
Rewrite I and %
%z%-cos@—k%-sin@
r x Y
0z 0z , 0z 1 0z 0z ) 0z
%—a-(—rsm@—{—a—y-(rcos@) = ;'%—%-(—SIHQ)—Fa—y'COSQ

Take the squares of both sides of the equations and add up side by side.
02\ 2 0z 0z 2 1 02\° 0z 0z 2
7Y ([ Z2cosh+ 22 . sind L) o (22 (—sind) + 22 cosd
(87") <8x cos +8y sin > : (r 89) (8x (—sin )+8y cos )

0:\* 1 /02\? 02\ 2 0z 0z . (’322,
(5) +ﬁ(%) :(%) 00820+%-8—y-00808m9+(8—y) sin? 6

2 2
+ % sinze—%-@-cosﬁsine—i- % cos? f
ox dy

The terms with sin 6 cos @ cancel each other. Recall the equation sin®z + cos® z = 1. The
equation then becomes

0\ L (9:\T_(0:)? (02’
or r2\00) \ oz oy ) ’

which we set out to demonstrate.

4.
] Yy
Loy =z !
6 | L T= Y |
E — i 8 ry
41 ; | // f(x,y)dz dy
I T=1y | 1 Jyy
2+ ' |
]-kffw : :
L ; il
2 4 6 8
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/3 cosf 1 w/3 1 w/3
A:/ rdrd@z—/ [cos® 0 — (1 — cos6)?] d9:§/ (2cosf — 1) db
—7/3

—7/3 J1—cosf 2 —m/3

/3 T T T T T
:%{QSM‘@} =5 [(snf = 5) - (s (-5) +5)] = V53

—7/3

7. For cylindrical coordinates, we have

2=+ = 2=V = Zgwe =7
2=z
T221‘2+y2 — 222_x2_y2:>2upper:2_72
dV =rdzdrdf
0<6<2r

Find where the surfaces z = r and 2z = 2 — r? intersect to determine the upper bound of
T.

P } PPhr—2=0 = (r+2)(r—1)=0 = Fyppe =1
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21 pl p2—12 2l z=2—r?2 21l
I:/ / / rdzdrd@z/ / {z] rdrd@z/ / (2—7’2—7“) rdrdf
o Jo Jr o Jo Jo— o Jo

27 1 27 4 3qr=1 2 27
:/ /(2r—r3—r2)drd9:/ {rz—r——r—} d9:/ D=0
0 0 0 4 —0 o 12 12 0

5%

6

8. For spherical coordinates, we have

PP+ =7 = PP =7 = puppers = VT
2= pcos¢ z=1>+y? = pcos¢ = p*sin®p = puppera = COt P csc P
r = psin ¢
a? +y? + 2% = p? sin (\/1‘2+y2+22) = sin (x/?) = sinp
dV = p*sin ¢ dp de df
0<0<

o] 3

Find where the surfaces z = 22 + y* and 2 + y? + 2% = 7 intersect to find the bounds of
.

—1+/12—4-1-(=7)
2

—1++v29
2

~1++/29 <—1+x@§>
———— = ¢ = arccos | ————

Z2+Z—7:0 = 212 =

2>0 = z=pcos¢ =Tcos¢ =

2V7

—14++/29
2v/7

the lower bound is cot ¢ csc ¢.

—1+v/29
w/2 arccos(Q—ﬁ) VT . 5 .
sinp - p“sin ¢ dp de db
0 0 0

For ¢ < arccos

, the upper bound for p is V7. For ¢ > arccos
pp p ¢ ( N

—1+¢E>

w/2 /2 cot ¢ csc ¢ )
+/ / / sinp - p“sin g dp do db
0 arccos(%@) 0

Since we choose the minimum of the upper bounds of p, we can write the equivalent
expression.

w/2 w/2 min(xﬁ,cotqﬁcscq&)
/ / / sinp - p*sin ¢ dpde d
0 0 0
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2019-2020 Spring Resit (01/07/2020) Solutions
(Last update: 08/08/2025 22:44)

1. Let g(z,y,2) = x +y+ z— 10 and then, solve the system of equations below using the
method of Lagrange multipliers.

VT = \Vg

g(z,y,2) =0 } VI =(—y—z-z—2-1—y) =A{111)=\Vyg

TL+T,+T.=(-y—2)+(—x—2)+ (—x —y) = =22 — 2y — 2z

-3\
=A+A+A=3\ = x+y+zz_§
Use the constraint to find the value of .
—3A 20
g(z,y,2) =0 = - 0=0 = A=—%

So far, we have the equations below. Solve the system of equations and find the values of
x,1, z one by one.

=2 | mE@-e-y-0 @
10

B e
L, 10
_x_y:_? @] T 3

We now have all the values. Substitute in 7'(z,y, z) to find the minimum value of the
temperature.

2 2 2
po (1010 10Y o (10)P(10YY 10N (200
333 3 3 3 3

2. We have x = rcosf and y = rsin 6.

z? =r?cos’#, y2:r23in26’ — x2+y2:7’2 (00829+sin29) =72 cr= Va2 +y?

rsind
y = tanf — 6 = tan "

T rcost

SHES

Compute the first-order partial derivatives.

0z 0z Or 0z 00 0z 0z Or 0z 00

9z or 0z 99 0z oy or oy 99 oy

aT:L:COSH’ &IL:SIHQ

% 1/$2+y2 ay /1'2+y2
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00 1 < y) —y —sinf 00 1 1 x cos
9. 2\ 2) T 2.2~ ’ 9 2 T 2.2
ox 1+y_2 x 24y r dy 1+y_2 xr x’+vy r
x x
Rewrite % and g—;
0z 0z x 0z —y 0z 0z Y 0z x

0o Aty 0 Py Oy o JEigp 00 P

Compute the second-order partial derivatives.

9 (92N _0 (0= _x 0z —y
Ox \Ox) 0z \Or \Ja2+ty2 00 2°+y>

. 2 2 _ .
Pi_|(Pz 0r oz 0y x o DVEEVTV o
022 [\or? Oz 000r 0x) \[i24y Or (rg n y2)2

L8200 8 orN -y 0y
002 0z orob or) 4y 90 (@P+grR

0z Y 0z x

O (0zN_0 (0= _y L 0
oy\oy) oy \or Vaz+y?2 o 00 2%+ P

. 2 2 4. y
u_|(8 or e by 0z VTV e
oy |\or2 dy  900r dy) J[r2ty2 Or ( \/m)2

L[(&z. 00, & o\ & 0z -z
902 Oy  0rdd dy) x2+y: 00 (1% + y?)? y

Add the second-order partial derivatives and set to 0. The last terms eliminate each other.
Write x and y in terms of r and 6.

or r

8_2,2 N 8_22 [ 0%z 0%z —sind cosf 4+ 0z sin? 4
ox2 - oy? |\ or? 00 or r

_(82,2 —siné 0%z ) —Siﬂ@]
+ || = + -cos@ | -

N I % <inf 4 0%z  cosf <inf o % cos?d
[\ Or? o dabor r o or r
N [ /0?2 cosf 0%z 9 cosf| 0
\og? r arog " ro]



Inspect the terms that add up to 0. Recall sin?§ + cos? @ = 1, then the equation reduces
to

2 2 2

—%4_1.%_’_&—0
Cor2 oy or 092 7

which we set out to demonstrate.

3. Change the order of integration using the graph below and then evaluate the integral.

1+Y

0.5 x=1

Yy €T
T

1
Ny

02 04 06 08 1 1.2

u = —32%dx

1 1 1 px? 1 1 _ 3
/ / \/1—x3dxdy:/ / \/1—x3dydx:/ 221 — a3 dx {du_l > ]
o Jyu o Jo 0

2 2
= /f—gdu = —§U3/2 +c= —5 (1 — x3)3/2

4 py 8 rl6/y
A:/ / d:cdy—l—/ / dx dy
2 J2 4 J2
4 pl8 4
z 1
:/ / dydx:/ (—6—x) dx
2 Ja 2 4

10 4

- x2 4
= 16ln|x|——]
L 2 2
42 2
=|16In2 -6
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150° 30°
180°

OO

210° 1330°

240°

270°

/3 cosf 1 w/3 1 w/3
A:/ TdeQz—/ [cos® 0 — (1 — cos6)?] d9:—/ (2cosf —1) db
—7/3 J1—cosf 2 —m/3 2 —7/3
/3
1 1
Afpso-o] -3l een(-5)5) <[4
6.
Y
2 |
22+’ =4
r =/3y
1 24+t =1
A
x
1 2

Use the following transformation to switch to polar coordinates.

v — 1 cosf ?+yP=1 = r’=1 = r=1
y = rsinf a?+yt =14 ? 7“2;40:> r=2
— e =
vyt =rr i Y 1 T
r=V3y = tan 'L =tan ' —= — 0 =—
§ = tan—' ¥ o 3 0
x
dA = rdrdf 1<r<2, ogeg%
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2

w/6 2 w/6 1 1 /6
/ / sin(r?) r dr df = / [—— Cos 7’2] do = ——/ (cos4 —cos1) df
0 1 0 2 1 2 Jo

1 /6 T
= —(cos1 —cos4) -6 =|—(cos1 — cos4)
2 0 12
7. For cylindrical coordinates, we have
Z= 2=y 2=
r2 =22 42 . Y 5
dV =rdzdrdf 24P +22=8 = 2=+/8—-12

Find where the surfaces 2z = 22 + y? and 22 + y? + 22 = 8 intersect to determine the
limits of r.

x2+y2—|—22:8 = 2242 =8 — (Z+4)(2_2):0 — , =9

— 4=+ =r = r=2

The lower limit of r is apparently 0. The region in the xy-plane is circular if we project
the domain. Therefore, 0 < 6 < 27. Now, set up the triple integral in polar coordinates.

= / / / / / / T ddrds
[L’Z + y + 2’2 2
1 27 2 2= 871”2
/ / / — - —dzdrdf = / / [arctan <E>] dr df
r2/2 r 0 0 r/1r2/2
2 — 2 2
/ / arctan < ) dr df — / / arctan dr db

0 is independent of r. Therefore, we can write the following.
2 2
/S 2
I= 27r/ arctan (—T) dr—27r/ arctan( ) dr (1)
0 r 0

Now, use integration by parts for the left-hand integral in (1). Apply the chain rule and
the quotient rule rigorously.

1
— (=2r)-r—Vv8—12-1
/R 2 1 /R _ 2 (
8 r)—>du: AR el dr

r 2\ 2 r2
1—1—(\/8 r>

r

u = arctan (

dv=dr -v=r
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Notice that we have an improper integral, where we need to use limits.

2
2 V8 —1r? ) V8 —1r2
arctan dr = lim |r-arctan
0

r T—0+ r

2 -1
PR 7”.
/T V8 —1r2

T

/R 2
= lim r-arctan( 8 T)—\/S—?“Z]

T—0% | r

T

Compute the other integral in (1) using integration by parts.

T 1 1
u = arctan 5 — du 5 T

dv=dr - v=r

2 r r
/ arctan (—) dr = r - arctan (—)
. 2 2

2

2
2
_ . d
/OT 112
0

r 2
= [r - arctan <—) —In ‘4 + 7“2‘]
2 0

Rewrite (1) using (2) and (3).

2

T—0+ r

VS _ 2
I =27 lim {r-arctan( 4 ) —\/8—7"2] — 21 [r-arctan (g) —ln}4+r2|}

T

V8 —1T17

T—0+

[ =27 (2-arctan1 — 2) — 27 lim [T - arctan

—m]

— 271 [(2-arctanl — In8) — (0 — In4)]

N
=7 (1n4—4+2Tlirg1Jr <\/8—T2>) — 27 lim (T-arctan8—>
—>

T—0+ T

We need to evaluate the limit on the right side in (4) using the squeeze theorem.
V&8 —T7? < T
T -2
V8 — T2) < T 7
- 2

T < arct
—_— arctan
5 <

T -7
2

< T -arct
< arcan( T

_T. T. 72
lim T lim =T =0 = lim (T-arctanST) —0

T—0+ 2 T—0t+ 2 T—0+
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The limit on the left side in (4) is simply equal to 21/2. The value of the integral is then

I:w(ln4—4+4\/§>

8. For spherical coordinates, we have

P+ +22<1 = pP<1l = 0<p<1

Z = pcos¢
r = psin ¢ Vi2+yr+22=1—= /p*=1 = p=1
2+ y? 4 2% = p? - - -
dV = p?sin ¢ dp de do ,'_O§9§§ 0§¢§§

Set up the integral and then evaluate.

w/2 pr/2 prl
I:/// \/:I;Q—l—y?—l—szV:/ / /p~p28m¢dpd¢d6
D o Jo Jo
w/2

/ / [4]plsmgbd¢d9— / / singdpdo = - /;ﬂ{—cosgzﬁh df

w/2
:1/ g ==
1/, 8

7



2019-2020 Summer Final (28/08/2020) Solutions
(Last update 30/08/2025 02:21)

1. Determine the critical points by setting f, = f, = 0.

fx:2x) fy:2y_3
3

fx:fy:0:>x:07 y:§

The only critical point occurs at (0,3/2). The value of the function at this point is
£(0,3/2) = 02 + (3/2) — 3(3/2) = —9/4.

Using Lagrange multipliers, find the corresponding points on the boundary. Let g(z,y) =
2?2 + y? — 4 be the constraint. Solve the system of equations below.

Vf=2AVyg

g(z,y) =0 } V= (2w,2y =3) = A (22,2y) = \Vyg

20(1-A) =0 = =0 or A=1

3 3
20(1 — ) —3 = 1—)A=— A=1——
y( )—3=0 = 2y:> >

r=0= g0,y))=0"+¢y*—4=0 = y =42
A=1= 2y—3=2y = 0# -3 . A#-1

Evaluate f at the points (0,2) and (0, —2).

f(0,2)=0"+22-3-2=-2, f(0,-2)=0*+(-22*—-3-(-2)=10

Compare the values f(0,3/2), f(0,2), f(0,—-2).

‘fmax:f<0>_2):107 fmln:f<073/2>:_9/4‘

2. The velocity of a particle can be obtained by taking the first derivative of the posi-
tion vector of the particle. Since we have the velocity of the particle, we can take the
antiderivative. The velocity vector is defined for ¢ > 0. It is continuous and integrable for
t>0.

V(t) =Inti+sintj+k

/V(t)dt_ (/hqtdt) i+ (/sintdt) i+ (/t3dt) k

The first integral on the right side can be evaluated with integration by parts. The second
integral is related to the integration of trigonometric functions. The last integral is just
ordinary integration. The position vector is as follows.

t4
R(t)=(tlnt —t+c¢1)i+ (—cost+ca)j+ (Z —|-c3> k
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Evaluate R(1) to find the constants.

1
R(l)=(-14c¢)i+ (—cosl+co)j —1—(1—1—03) k=2i+j—k

5
cp =3, cp=1+cosl, 63:_1

Rewrite the position vector by substituting the numbers into the constants.

R(t) = (tlnt —t+3)i+ (—cost+1+cosl)j+

t4
A Y
(5-3)

3. It is difficult to solve the integral with this order of integration. Sketch the region and

change the order of integration.

0.5 ¢ =l

47Yy=Vx
—] dx
y=0
ol
—[sin (x3)} =|—sinl
0 12
3r/2 1
A= / / rdrdf
w/2 1+cos @
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Dl G G-y () + ()
//\/1+ ”’2“’ dA = //\/TdA \f// dA

If we switch to polar coordinates, we can easily evaluate the integral.

A= \f/ /frdrdé—\/—/ [2}r3d0—\/_/2ﬂ9d0—97r\/§

6.

(i) For spherical coordinates, we have

Z = pcos o
r = psin¢ z=8—1>—y* = pcosp =8 — p*sin’¢ (1)
%
-y’ + 2= z=a2>+y> = pcos¢ = p’sin’ ¢ (2)

dV = p*sin ¢ dpde df
Now, notice that we have two distinct upper bounds for p. From ¢ = 0 to the angle of
intersection, the integration is bounded above by z = 8 — 22 — y?, where from the angle
of intersection to ¢ = /2, the integration is bounded above by z = x? + y2.
Solve (1) for p to find the upper bound.
pcosp =8 — p?sin®p = p?sin®p+ pcosp —8 =0
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—cos ¢ & y/cos? ¢ — 4sin® ¢ - (—8) —b £ Vb2 — 4ac

B T12 =
2sin? ¢ 2a

P12 =

—cos ¢ + \/cos? ¢ + 32sin? ¢
p>0 == Pupper, 1 = \/

25sin? ¢
Solve (2) for p to find the other upper bound.
2 2 cos ¢
pCcosd = p“sin® ¢ = pPupper, 2 = —2¢ = cot ¢ csc @
sin

Find where two surfaces intersect by equating (1) and (2).
8 — psin?¢p = p?sin ¢ = p’sinp=4 = psing=2 = r =

2

2
=24yt =1 = =4 = p=/22+ 2 +22=2V5 = sing="- =

p

Sl

¢ = arcsin —

V5

We know 0 < 6 < 27. Therefore, the volume in spherical coordinates is as follows.

) 1 — cos ¢p+1/ cos2 p+32sin? ¢
m  parcsin —= San?
v / / “"7/ e 2 sin ¢ dpdo db
0 0 0

27 w/2 cot ¢ csc @
+/ / . / p*sin ¢ dp de df
0 arcsin 75 0

Since we choose the minimum of the bounds for p, we can write the equivalent expression.

— cos ¢+ / cos2 p+32sin? ¢

27  pw/2  pmin (cot ¢ csc ¢, Tsin? 6 )
V:/ / / p*sin ¢ dp de df
0 0 0

(ii) For cylindrical coordinates, we have

z=z z=8-2>—y? = 2=8-r% (3)
r? =2 + 9 —
dV = rdzdr df z=a+y = z=17 (4)

Equate (3) and (4) to find the upper bound for 7.

2 2

8—ri=r? = r’=4 = Tupper = 2

The lower bound for r is 0, and 0 < 6 < 27. The volume can be expressed as follows.

2 2 p8—12
V= / / / rdzdrdd
0 0 r2
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2020-2021 Spring Final (09/06/2021) Solutions
(Last update: 05/08/2025 00:46)

2. Using polar coordinates, we can find the volume with a double integral.

z=y/224 2 = 2=Vr2? = z=r
2,2, 2
ZZA_:x’rcz?:z@ — P +y’ <4 5 rP<4 = 0<7r<2

0<6<2r

r=2

27 2 27 2 27 7,3
Volume = / / [r—0]-rdrdf = / / r?drdf = / [—} do
o Jo o Jo 0 3120

/2 1+cos @
(ii) A:/ / rdrdf
—m/2J1
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(ii) Calculate the partial derivatives to find the surface area.

0z 0z
z:y2:> %:O, a—y:2y

0z 2 0z 2 ! ! 2 2
Surface area = //D \/1 + (%) + (3_y> dA —/0 /0 \/1 +(0)" + (2y)" dz dy
=1

1 1
:/ / \/4y2+1dxdy:/ [x\/4y2+1] dy
0 0

1
0 =

1
1 1 —
:/ Vay? +1dy {?J: §tanu == dy = §seczudu, Unpper = arctan 2
0

Uower = 0

1 arctan 2 1 arctan 2
=_ Vtan2u + 1-sec?udu = / sec® u du
0

2 Jo 2
To evaluate the last integral, we will use integration by parts.

w=secu — dw = secutanudu

dz =sec?udu — z = tanu
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arctan 2 arctan 2 arctan 2
/ secd udu = tanu - secu — / tan® usec u du
0 0

du

= tanu - secu

arctan 2 /arctan2 1 — COS2 U
— —
0 COSs° U

arctan 2 arctan 2 arctan 2
= tanwu - secu —/ Secgudu+/ Secudu
0 0

0

Notice that the integral we want to evaluate appears on the right side. After a little
algebra, we can evaluate the integral.

arctan 2 1 arctan 2
+ = / sec u du
0

arctan 2 1
sec>udu = = -tanu - secu
0 2 0 2

The integral of secu with respect to u is as follows. One can derive it with particular
methods.

arctan 2 arctan 2
/ secu du = In [tan u + sec u
0

0

So, the surface area becomes as follows.

arctan 2

1 arctan 2 1
Surface area = 5 / sec® u du = 1 (tanw - secu + In |tan u + sec ul)
0

0

= éll [2sec(arctan 2) + In(2 4 sec(arctan 2)) — 0] = éll [2\/5 +1In (2 + \/gﬂ

5. By means of spherical coordinates, we can easily evaluate the integral. For spherical
coordinates, we have

z = pcosf Py 422 =4 5 pPP=4 = pun =2
r = psinf x2+y2+22=9—>p2=9:Pmax:3
2+ y? 4 2% = p? — Z = pcoso
dV = p?sin ¢ dp de do 0<f<2m, 0<¢<nm

///Ede—/OQW/OW/jPCOSQﬁ'PZSin¢dpd(/5d9—%/OQW/OW/Qgpgsin(Z(b)dpdgbdQ
/ | { T sin(2) d¢d9——/ | sintze) doas

27 1 o=m
_ % {—— cos(zgz))] o= [ oan - 0]
8 0 2 ¢=0 8 0
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6.

(i) For spherical coordinates, we have

z:pzpsz z=1—-22—9y?> = pcosgp=1—p*sin’¢ (1)
r = psin
%
2y 4= 0<¢<=, 0<0<2m, 0<p< puper
dV = p*sin¢ dpde db 2

Find pupper With equation (1).

pcosp=1—p?sin®¢p = p?sin®¢p + pcosp—1 =0

) —cosp £ \/cos2¢p —4-sin’¢ - (—1) {x —b 4 Vb? — 4ac
12 = 12 =

2sin% ¢ 2a

—cos ¢+ \/cos? ¢+ 4sin® ¢

p>0 = Pupper = 2502 ¢

) /2 — cos ¢+1/ cos? p+4sin? ¢
T[T 2sin?
Volume = / / / e p*sin ¢ dp de df
0o Jo 0

(i) For cylindrical coordinates, we have

g=Z 2 2 2
9 9 o z=1—-2"-y" = 2z=1-r
Wiy O<f<2m O=r<l

2w pl pl—r2
Volume = / / / rdzdrdf
0 o Jo
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2021-2022 Spring Final (23/05/2022) Solutions
(Last update: 05/08/2025 01:58)

1) Let g(x,y) = x+y—1 and then, solve the system of equations below using the method
of Lagrange multipliers.

Vf=AVyg Vf={(2x2y)=X(1,1) = \Vyg
g(z,y) =0 SA=2r and A=2y and z+y—1=0

A=2r=2y — x=y

1
x+y—1:0—>2x—120—>x:§:y

11
Evaluate f (5, 5) to find the minimum value.

AL (L ? e !

2'2)  \2 2) 2
f(x,y) is defined for x > 0 and y > 0. This implies that 0 < y < land 0 < z <1
by the constraint. The domain of f is closed and bounded, and f is continuous. By the
extreme value theorem, the absolute minima and maxima must exist. Using the method

of Lagrange multipliers, we could find only one point. This means that the other value
exists on the boundary of f.

2=0—=204+y—-1=0—=-9y=1, y=0—=2>24+40-1=0—=2=1
fOD)=0+1>=1, f(1,00=1*+0>=1

Eventually, compare the values we obtain.

1
5 is the absolute minimum, 1 is the absolute maximum.

2)
1.2”y
U=y r=+/1—1y?
1 y=a? y=+v1—a?
0.8 1
V-1 /5-1

06 [~~~ """ttt ! 2 ' 9
04 | |
0.2 1 E

02 04 06 08 1 12 14 16 18
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The integral with reverse order is as follows.

NEER. 1 Via?
dyd:v—i—/ / dy dx
/0 /0 V¥ Jo

3) Find where these two curves intersect and then find the area.

1l=1+sinf = sinf=0 —= O0=kn, keZ

150° 30°

180°

OO

210° 330°

240°

27 1 1 27
Area = / / rdrdf = —/ [12 — (1 +sin6)?] df
T 14-sin @ 2 ™

2
= %/ [—2 sin § — sin? 9} do [sin2 0 + cos’ 0 = 1}

27 27
= —/ sinf do — %/ (1 —cos?)df [2cos* 0 — 1 = cos(20)]

27 2w 9 -1 2w 1 1
:—/ sin0d9+/ %d&z/ {—é—lﬁLZcos(QQ)—sinQ] do

:{—§+%mm%n+am4%Q:K—g+0+1)—(—%+0—1ﬂ::2—%

4) We have the sphere 2% + 3* + 22 = 16. So, the upper bound is z = /16 — 22 — y2,
while the lower bound is z = 0. If we project the domain onto the xy-plane, we see that
the upper and lower bounds for y are v/2 — 22 and —v/2 — x2, respectively. For x, the
integration starts from —+/2 and ends at v/2. The volume of the object can be evaluated
using the following integral.
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V2 V2—z2
I:/ / [\/16—x2—y2—0] dy dx
-2 J—v2=a?

This integral seems a little bit hard. We can switch to polar coordinates for ease. Use
the transformation below.

2ty =2 0<z<V16—1r?
_ _ - 0<r<+v2
dA = dydx = rdrdf 0<6<2n
21 \/i 27 1 /2 r=v2
I—/ / \/16—r2rdrd9—/ {— (16 —r?) } do
0 r=0

2w
= %/ [—14%% — (=16%?)] df = %ﬁ (1632 — 14%/2)
0

(ii) Using the double integral below, we find the lateral surface area.

=//D¢1+<2—z>2+<%> - I () ()
/N DY aa= [[ viTTaa=va [ aa
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If we switch to polar coordinates, we can easily evaluate the integral.

A= f/%/ rdrde—\/_/%{2]r2d9—\/_/2ﬂ§d9—37?\/5

6)

(i) For spherical coordinates, we have

2z = pcoso
r = psin¢
22+ y? + 22 = p?
dV = p*singdpde df

2?4y =1— p’sin¢p=1
— 2=06 — pcosp =6
z=1—22—y*> = pcosp =1— p*sin¢
We have the lower bound for p, which is the solution of pcos¢ = 1 — p*sin® ¢
pcosp =1— p?sin ¢

p*sin® ¢ + pcosgp —1 =10

—cos¢ £ \/cos2¢p —4-sin? ¢ - (—1) —b =+ Vb? — dac
P12 = ) T2 =
2sin” ¢ 2a

— cos ¢ + \/cos? ¢ + 4sin? ¢
2sin? ¢

p > 0 = Plower =

However, we have two distinct upper bounds for p. We need to find the value of ¢ where
the surfaces pcos¢ = 6 and p?sin® ¢ = 1 intersect.

p’sin¢p =1 — psing =1

psing =1 }

t —1 = t L
pcosé = 6 an¢——:>¢—arcan6

6

1
. Meanwhile, for ¢ > arctan 5’ it is

1
For ¢ < arctan —, the upper bound is —.
6 coS sin ¢

The region in the xy—plane is circular, therefore 0 < 6§ < 27. As for ¢, we have 0 < ¢ < g

The volume of the object in spherical coordinates can be expressed as follows.

arctan P ¢
/ / / cos ¢4/ cos? p+4sin? ¢ p sin g dp de df

2sin? ¢
2 sm¢
— cos ¢+1/ cos? ¢>+4 sin? p Slngbdp d(b do
arctan 2smg¢
In fact, we are looking for the minimum value of the upper bound for p between
sin
and . Hence, we can write the equivalent expression as follows.
coS
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min cosqS’ squ
— cos ¢p+1/ cos? ¢+4 sin? p sin Qﬁ dp d¢ do

2sin? ¢
(ii) For cylindrical coordinates, we have
2=z ?+yiP=1—-r’=1—-r=1
r? = 22 4 2 — z=06
dV = rdzdrdd z=1—-2?2—y> = 2=1-12

The volume can be expressed as follows.

/// rdzdrd@-// [2]72) L rdrdd
1—r2
r=1

27 1 27 4 27"=
:/ / (r® +5r) drd@:/ {r—+5i} dé
0 0 0 4 2 r=0

(5 +250) - 0] -1
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2022-2023 Spring Final (12/06/2023) Solutions
(Last update: 05/08/2025 00:53)

1. Let g(z,y,2) = 2* + y*> + 2% — 4 and then solve the system of equations below using
the method of Lagrange multipliers.

V/f=AVyg } V= vz 2zyz,2y*) = A (27,2y,2z) = A\Vyg

9(x,y,2) =0 [ 2242422 4=
_ T 2 2
vz=X-2z (1) (1)&(3)—)EZZ—>$ =2 ===z (4)
PR D e o L=t o=ty =4V (5)
Ty

zy? =\ 2z 3
! ) (4) & (5) = y = +V22

Now, use the constraint to find the coordinates. Write y and z in terms of x.
2
PPyl —4=0 = 2°+ <\/§x> 427 —4=0 = 42’ =4 = x=+1
Ly=+V2, z=4=41
Evaluate f at either of these points: (1,v/2,1), (—1,v/2, —1), (=1, —/2, —1).

Foe = f(1,V/2,1) = 1- <\/§>2-1=

02 04 06 08 1 1.2

The integral given with this order is difficult to evaluate. Change the order of integration.

1 rl 1 eyt 1 1 1 _1
/ / ey5dy dr = / / e’ da dy = / y%y5 dy = {—eyﬂ —|¢
0 Jal/4 o Jo 0 5) 0 5
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3. Find where these two curves intersect and then find the area.

1
2—cos=14cos) — 2cos =1 = cos@zi — 6:2k7ri%, keZ

150° 30°
180°

OO

210° 330°

240° 300°
270°

/3 1+4cos 6 1 /3
Area = / rdrdf = - / [(1+ cosf)® — (2 — cos )] db

—7/3 J2—cos 0 —7/3

1 w/3 1 w/3
:_/ [1+200$8+00520—(4—40080—1—00529)} d@z—/ (6cost —3) do
2 /3 2 —7/3
e ing — 30| 1[6s;m7T 35— (osin(=%) +3-3)| =[3v3
—_ - J— —_— - R [— —_— [— — — T
2 —n3 2 3 3 3 3

4. The upper bound is z = 4 — 22 — y?, while the lower bound is z = 0. If we project
the domain onto the zy-plane, we see that the upper and lower bounds for y are v/2 — 2
and 0, respectively. For z, the integration starts from 0 and ends at /2. The volume of
the object can be evaluated using the following integral.

V2 pV2-a?
I:/ / [4—x2—y2—0} dy dx
0 0

This integral seems a little bit hard. We can switch to polar coordinates for ease. Use
the transformation below.

PP = 0<z<4—7?
_ _ - 0<r<vV2
dA = dydx = rdrdf 0<0<r/2
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(ii) Using the double integral below, we find the lateral surface area.

I G G g () - ()
//\/1+ x2+y dA = //\/FdA f// dA

If we switch to polar coordinates, we can easily evaluate the integral.

A= \/'/%/ rdrde—f/%{T

2

27
d9—\/_/ 39— 3mv2
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6.

(i) For spherical coordinates, we have

Z:'OC?S(b 2?4y’ =1 — p’sin¢p=1
r = psin ¢
2?42 = P — z2=4 — pcosp =4

dV = p?sin ¢ dp de do z=+/1—22—y2 — pcosg =+/1— p%sin® ¢

We have the lower bound for p, which is the solution of pcos¢ = /1 — p2sin® ¢.

peosp =+/1—p?sin®¢ = p?cos’p =1— p*sin®¢ = p? (cos? ¢ +sin’¢) =1
=1 = p=1

However, we have two distinct upper bounds for p. We need to find the value of ¢ where
the surfaces pcos ¢ = 4 and p?sin® ¢ = 1 intersect.

p’singp =1 — psing =1
pcosp =4

psing — 1 } cot p = = ¢ = cot™'(4)

. Meanwhile, for ¢ > cot™'(4), it is

For ¢ < cot™'(4), the upper bound is —.
coS sin ¢

™

The region in the xy—plane is circular, therefore 0 < 6 < 2. As for ¢, we have 0 < ¢ < 5

The volume of the object in spherical coordinates can be expressed as follows.

21 peot~1(4) @ o /2 ﬁ
vz/ / / p2singz5dpd¢d6’+/ / / p*sin ¢ dp de db
0 0 1 0 cot=1(4) J1

In fact, we are looking for the minimum value of the upper bound for p between

Sin

. Hence, we can write the equivalent expression as follows.

o /2 min(%,ﬁ)
vz/ / / POS 2 Gin ddp do db
0 0 1

(ii) For cylindrical coordinates, we have

and
cos

2=z 2+yP=1—=1r’=1—-r=1
r?=a? +y? — z=4

dV =rdzdrdf z=/1—-22—y?2 = z=1—1r2

The volume can be expressed as follows.
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27 1 4 2T 1 -
vz/ / / rdzdrd@:/ / 217 rdrdf
o Jo Jvieez o Jo Hz_m

2w 1 2w
:/ / (41“—7"@) drd@z/ [27“2%—1(1—7“2)3/2
o Jo 0 3

r=1

r=0

= [6]," [(2-12+0)— (%‘I—O)] = 10?”
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2022-2023 Spring Makeup (12/06/2023) Solutions
(Last update: 31/07/2025 19:34)

1. Let g(x,y,2) = 2* + y*> — 1 and then solve the system of equations below using the
method of Lagrange multipliers.

Vf=A\Vyg Vf =4z, —2y) = A (2z,2y) = \Vyg
g(z,y) =0 2+yt—-1=0
dr=AN2z) = 22(2—-AN) =0 = A=2o0rz=0
—2y=A2y) = -2y(1+A)=0 = A=—-lory=0
Now, use the constraint to find the coordinates.

AN=2 = y=0 = 2°4+0°-1=0 = 2z =41
A=-1 = 2=0 = 0°+¢y* - 1=0 = y==+1

Evaluate f at these points: (0,1), (0,—1), (1,0), or (—1,0).

2:07 =17 =—1, f(0,-1)=2-0"— (=1)* = —1,

FOL0)=2-12 =07 =2, f(=1,0)=2-(=1)* = 0* =2

The only critical point occurs at (0, 0).

0 0
a—£:4x:0, 8—52—2y20:>(:c,y)=(0,0) = f(0,0)=0

Compare all the values.

f(0,0) =0, f(0,1) = f(0,=1) = =1, f(1,0) = f(=1,0) =2

f(0,1) = f(0,—1) = =1 = abs. min. f(1,0) = f(—1,0) =2 = abs. max.

96



I:/Z/xj_zdydx:/;/zdxdy+/49/zy dz dy
[l [ fo--cle

4 9 2 4 9 19
:2/4ﬂMy+/X6—y+¢@dy:2Efﬂ1+{®—~5+§fﬂ
0 4 J

0

4 92 2 422 1 [125
_ a2 _ g2 9T f ) (g4 TS| =222
3[ 0*%] + {69 5+39 6 5+ 3 |

3. We are interested in the upper half of the cardioid. Therefore, 0 < 6 < 7.

150° 30°

180°

210° 1330°

240° 300°
270°

T 1+sin 6 1 1 T
Area:/ / rdrdé’:i/ [(1+sin6)® — 0% d0:§/ (1+ 2sin6 +sin®6) db
o Jo 0

T
0

:1/ (1+251n9+1—cos29) dﬁzl/ (1+25in9+1—M) dof
0 0

2 2 2 2

1 0 sin(20)]"
=—10—2cosf+ - —

g |V Tl T Ty ]O

L[ m  sin(27) , 3
=3 _(W—QCOSW+§—T) —(O—2cosO+0—s1n0)} = Z+2
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This integral seems difficult. Use the transformation below to switch to polar coordinates.

2<2< 212
2 +y? =r? T=c=
— 0<r<i1
dA = dydx = rdrdf 0<0<2r

r=1

2 1 2 1 27 7“4 =
Iz/ / (2—2r2) rdrdH:/ / (2r—2r3) drd@z/ [TZ——:| do
o Jo o Jo 0 2 ]—0

27r1
0o 2

5. For the upper hemisphere, we have z = /4 — 22 — y2. The projection of the surface
onto the zy-plane gives us the region 22 + 32 < 1. Find the surface area.

2 2
Surface _ // 14 % N % JA
area b o Ay
1 pvia? . 2 y 2
= 14— | +| ——— | dydx
/-1/—@ Va4 —x?— 2 4 — a2 — 2 Y

2
// ‘ ty dydx—// ——dydx
Vi—a? 4—u Vi—zZ —:c2—y
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From this point on, we can switch to polar coordinates using the transformation below.
2

Va4 — 22— y2 =412
_ 2 2
:iA_:xr;ZH — 2249’ <1 =5 1r?<1 = 0<r<1

0<6<2r

Surface // 2 ddw:/%/l 2 drds
area ViezZ 4_x2_y2 y 0 0 1/4:_/'»2

:/02 [ zm] de—/OQW[—Q\/g—(—él)} do = 47r(2—x/§)

(ii) Using cylindrical coordinates, we may find the volume.

2=z z=4—a? -y = z=4—1?
x =rcosf z2=4—2r = z=4—2rcosf
y =rsinf — 4—2x=4—2%—y* = r=2cosb
2 = a2 4 g2 o _
dV = rdzdrdf 4—2rcosf <z<4—1% 0<r<2cos, - <0<3
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/2 2cos® pd—r? /2 2cos 6
V:/ / / rdzdrdé’:/ / [4—7r*—(4—2rcosf)] rdrdf
—7/2J0 4—2rcos 6 —7/2J0

w/2 2cos 0 w/2 o3 47 17=2cos0
= / (2r* cos — r®) dr df = / {L cosf — T—] do
— 0

w/2 —7/2

/2 1 1 4 4 w/2
:/ —600840— Geos™6 -0 dé’:—/ cos* 6 do
,71-/2 3 4 3 7r/2

4 /2 9 1 2 1 w/2
— _/ M df = —/ (0052(20) + 2cos(20) + 1) do
3 —r/2 2 3 —7/2

w/2 : /2
= 1/ [(M) + 2 cos(20) + 1] df = E {5111(40) + o + sin(26) + 9]
3 2 317 8 T2 s

1 [ [ sin(27) 4T gnas T sin(—27) 7 + sin(—7) 7r s
3\ 8 TaTTTTY g g TP T 2
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2023-2024 Fall Final (11/01/2024) Solutions
(Last update: 06/08/2025 23:24)

1.

(a) To find the critical points of f, determine where both f, = f, = 0 or one of the partial
derivatives does not exist. Apply the product rule appropriately.

fo=H(=20), fy = (P —a®) + () = o (4 + 2y — o)

fo=0 = ¢&¥(—22)=0, f,=0 = e (y*+2y—2")=0

VA0 = =0, ¥*+2y—2"=0 = yly+2)-0*=0 = y=0, y=-2

The critical points occur at (0,0) and (0, —2). To classify these points, apply the second
derivative test.

Jaz = —2¢Y, f:cy = fyw = ey(_QI)v fyy = ey(y2 + 2y — xQ) +ef (Qy + 2)

Calculate the Hessian determinant at these points.

Joo  Jay

fya; fyy = fm:fyy - fg?y

flm?:_27 fxy:fyzzo, fyy:2

fmfyy_ 2 =-2.2-02=-4<0

Ty

Jrz = _26_27 fmy = fym =0, fyy = —2¢?

(07 _2> —
fwxfyy — ac2y — _22.9%2_(2=4e 4> 0, for= —92%2 <

A saddle point occurs at (0,0) and a local maximum occurs at (0, —2).

(b) Let g(z,y,2) = x +y + z — 1 be the constraint. Then solve the system of equations
below.

Vi=AVg | Vf= (202 2ay5) = AL 1, 1) = AVg
g(.T, Y, Z) =0 yZQ =122 = 2.1':(/2

2

Y’ =12’ = y==x

Y2’ =2ryz = 2 =21

Use the constraint and write y, z in terms of z.

101



1
r4+y+z2—-1=0 = rz4+2r+2r=1 = dz=1 = xzé—}

111
T Y=y 73

Consider the boundary as well. Set x =0, y = 0, 2z = 0 one by one. Notice that the value
of the function becomes 0 on the boundary of the domain.

Compare all the values.

2
F0,9,2) = f(2,0,2) = f(2,,0) = 0, f(i%%) -LL (%) L

1
The maximum value is 61’ the minimum value is 0.

3*3! —————— y=2r+1
2,,
1 20+l
z=1 // fla,y) dyda
0 1—22
1
=1-—2a?
| T
—1 1 2

(b) Sketch the region.

ly
1.5 N: /D — 12
1+
0.5 | r=1
xT
1 V2
—0.5 |
_1 1
15F/y:_,/2_$2
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V2 V2—z2
I:/ / Va2 +ytdydx
1 _

V2—zx2

We may switch to polar coordinates to easily evaluate the integral.

T =+/2cosf, y=+/2sinb, Tupper = V2

x =rcosf

y=rsing r=1 = rcos =1 = 7Tigwer = SeCO

6= tan~' 2 R ) _

x2—|—y2:g2 1:\/§C059:>0039:E:>9::t1
dA = dydx = rdrdf 0<0<m/2

/4 V2 /4 [,377=V2 1 [r/4
1:/ / r-rdrd@z/ [T—} d@:—/ (2\/§—sec39) 0
—7/4 Jsech —7/4 3 r=sec 0 3 —7/4

w/4 2v/2 1 w/4
:/ i_ale——/ sec® 6 df
—7/4 3 3 —7/4

Evaluate the left-hand side integral in (1).

\/ﬂ—/4 2\/§d9: 2\/59 " :—ﬂ-\/§

Evaluate the right-hand side integral in (1) with the help of integration by parts.

u=secl — du=secOtanbdf
dv =sec’0df — v =tanh

1_ 2
/secgﬁdﬁ:tané-secé—/taHQQSecﬁdQ:tané-secﬁ—/ﬂdﬁ

cos3 0

:tan@-sec@—/secgedQ—i-/sech@

Notice that the integral of sec® § with respect to § appears on the right side of the equation.

Perform some algebra and then find the result of the integral.
; 1 1
sec® 0 df = 3 -tan @ - secl + 5 secf df
The integral of secf with respect to € is as follows.

/sec&d@ =In|tanf +secl| + ¢y, o €R
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Rewrite (1).

/4
2 11
I= % -3 5(tan@~sec€+ln|tan9+sec€])

—7/4

— (v (14 v2)) - (<1 V24 I (14 v2))]

—M_{_l.] 1+\/_
B 6 “1+2

3. From the bounds of the integral given in cylindrical coordinates, we infer that this is

the region bounded above by the sphere 22 4+ y? 4+ 22 = 4 and bounded below by the cone
2 2, 2

Zr=x"+y

()

z2=V4—1r2 = z=+/4— 22— >
r=z r=1 = 2= /22 + 4?2
r =rcosf
y =rsinf — 0<f<2r, 0<r<+2
r2 = g2 4o
AV = rdzdr df = dz dy de +

V2 12<y<V2 92, —V2<y<V2

\/2 y2 \/4 2 —y2
/ / / 3dzdxdy
2+y

(b) For spherical coordinates, we have

=VI=717 = peos¢=\/A— p2si’ ¢ = Pypper = 2

s 2 peono L T ey sing s e
Pyt =p2 o B oo
dV = p?sin ¢ dp de db cos¢ =sing = tangp =1 — ¢upper—z

¢10W0r = 07 0 S 0 S 27

2r  pw/4 2
/ / / 3p°sin ¢ dp do df
o Jo 0

4.

(a) For F to be conservative, it must be the gradient of some potential function ¢. We
may apply the component test to determine whether mixed partial derivatives are equal.
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ot = 2z cos (:UQy) — 2xy sin (a:Qy) - x?

ay 8F1 8F2
0 0
? = —2x Cos (x2y) + 2% sin (:EQy) - 2xy Y !
T

The mixed partial derivatives are not equal. Therefore, the force is not conservative.

(b) Like what we did above, determine the mixed partial derivatives.

%—Fyl = 2y cos (zy?) — y?sin (zy?) - 20y + 2%) = %
O, _, Oy
9: T 0w
OF, OF3

=2xz +e¥" + zye’" = —

9z dy

(c) Since F is conservative on R?, there exists a potential function f such that Vf =F.

0 0 0
of _ y? cos (zy°) +y2°, of _ 2y cos (zy?) + 2° + ze*7, of _ 2ryz + ye¥* + 2z
ox oy 0z

/% dr = / (y2 coS (ny) + yzQ) dx = sin (a:yQ) +xy2® + 9(y,2) = f(x,y, 2)

?9_5 - a% (sin (zy®) + 2y2" + g(y, 2)) = 2y cos (xy”) + x2° + g, (y, 2)

= 2xy cos (xy2) +22% + 26V = gy(y, 2) = ze¥*

g_]yf dy = / (ny cos (a:yQ) + 222 + zeyz) dy = sin (:L‘y2) +ayz2 e+ h(z) = f(x,y,2)
af 0 . 2 2 yz yz
9, = 5, (sin (zy?) + zyz® + eV + h(z2)) = 2zyz + ye’” + h.(2)

= 2zyz +ye’* + 2z = h.(z) =22

0
/ 8—]; dz = / (2zyz 4+ ye’” + 22) dz = sin (ny) + oy + ¥ + 22+ c= f(z,y,2)

The potential function for F is

f(z,y,2) =sin (zy®) + 2yz® + "+ 2" +¢, ceR
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5.

(a) We showed that F is conservative in 4(b). Using the Fundamental Theorem of Line
Integrals, evaluate f(0,1,3) — f(1,0,2).

/F-dr:f(0,1,3)—f(1,0,2):sin(0)+0+e3+32+c—(sin(1)+0+eo+22+c)
D

=’ +4
(b) The curve of intersection is a circle, which is a closed curve. Since F is conservative,

the value of the line integral is [0].

6.
2.5 ¢

1.5 |

0.5 1

05 1 15 2 25

F; and F5 have continuous partial derivatives. C'is a closed curve with positive orientation.
We may use the tangential form of Green’s Theorem to evaluate the line integral.

F F
I_Jq{—dx—i-ylnxdy—// (Q—b) dA://——
dy R
2/x V2 y2 &
/ / ——dydx+// ——dydx—/ —=— dx
1z T 1 2z

Y=z 2 2
dx +/ L
y=1/z V2 2z y=x/2

/\/§ v, 1 d+/2 2, 7\, 21 ﬁ+ L2
= ——+— ) dx ——+=-)de=|-"——-— —+ =
1 2 223 Lozt 8 4 4a?] 2 16] 5

y=2/x




2023-2024 Fall Resit (29/01/2024) Solutions
(Last update: 07/08/2025 15:33)

1.

(a) To find the critical points of f, determine where both f, = f, = 0 or one of the partial
derivatives does not exist.

fo=122" — 6y, f,=—6x+2y+2

fo=0 = y=22* f,=0= y=3r—1

3+4/(—32—-4-2-1 3+1
2.2 4

fo=f,=0 = 22" -32+1=0 = x5 =

o L =1 = y=2-(1)*=2
T T VTEg) T T = -

The critical points occur at (1/2,1/2) and (1, 2). To classify these points, apply the second
derivative test.

Jra = 24z, fxy:fyw:_67 fyy:2

Calculate the Hessian determinant at these points.

fzx fxy
fyac fyy

= fx:z:fyy - :?y

fxx:12a fxy:fyx:_Ga fyy:2

fxxfyy_ 2 = 122_(—6)2: —-12 <0

Yy

(1/2,1/2) —

facac:247 fxy:fyx:_6a fyy:2

Foafuw — f2 =24-2—(=6)2=12>0, fo, >0

Yy

(1,2) —

A local min occurs at (1,2) and a saddle point occurs at (1/2,1/2).

(b) Let g(x,y,z) = x* + 4y* + 922 — 1764 be the constraint. Then solve the system of
equations below.

Vf={(,1,1) = A (2x,8y,18z) = AVg

Vf=\Vyg }
g($7y7z) :0

Use the constraint.
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1\? 1\?2 1\?
2 4 49 2 1764=0 —= | — 4 — —— ) =1764
x° + 4y° + 92 764 = 0 5 + ) +9 o

4 1

— T4 72

1
A=t = r=£36, y=%9, z=:+

Find the minimum and maximum values using the points (—36, —9, —4) and (36,9, 4),
respectively.

i = =36 =9 — 4= 49, fuuue = 36 + 9+ 4 = 49)]

Compare all the values.

f(O,y,z):f(at,O,z)zf(x,y,O):O, f(iaia%) :i}l (%) :i

1
The maximum value is o1’ the minimum value is 0.

2.
(a)
Y
y=zv3
7 v
N ‘ V3
15 |
: V3 4-y? 2,2
11 | / / e Y drdy
i 0 y/V3
os | y=Vi-a’
L= /4—y?
| z
0.5 1 1.5 2

(b) Sketch the region.
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0.8 1

0.6 |

0.4+

0.2

02 04 06 08 1

1 27 Y= 1 3
1
// 4 // 4dyda::/ :13 I v dx:—/ x 4d:(:
].+ZU 1+x 0 1+I' 2 y=0 2 0 1+x

:%.Elnh—l—xﬂ}::% i(an—lnl) %an
3.
(a)
z2=2z
o voind L VISR = eI

2 = g2 4y
dV =rdzdrdf = dzdy dx

Notice that we have two distinct upper bounds for z, which are z = /4 — 22 — y? and
z = 1. The lower bound for z is z = 0. For the upper bounds of z, we choose the minimum
of the bounds. If we project the shape onto the zy-plane, we get 22 + y> = 4. Rewrite
the integral in rectangular coordinates.

m1n 4—x2—y2 )
/ / / dz dy dx
—2J—V4—2a2

Another method is to calculate the volume of the corresponding hemisphere and then
extract the upper part of the hemisphere. The volume of a hemisphere is given by the
formula

2
_ 3
Vhemisphere - g T,
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where r is the radius. Now, focus on the upper part of the hemisphere. The upper bound
for z is the sphere 2% + y? + 22 = 4, and the lower bound is z = 1. The solid lies above
22 + y? = 3. The equivalent form of the answer above is as follows.

1 V3—a? 4— foy
67T / / / dz dy dx

(b) For spherical coordinates, we have

ii'z(g?jz z2=V4—1r? = pcosp =+/4 — psmgb:>p—2
22+t 4 22 = p? - z2=1 = pcosp=1 = p=

dV = p*singdpde df

cos @

For p, we have two different upper bounds. We choose the minimum of these bounds.

2 pw/2  pmin (2, Cols >
:/ / / ) 2 sinddp de db
0 0 0

Alternatively, we may find the angle of intersection of the plane z = 1 and the sphere
22+t + 22 =4

1
cos @

=2 = cos¢p =

From ¢ =0 to ¢ = g, the upper bound for p is p =
c

@. Fromqb:gtogb:z,itis

2
p = 2. The equivalent integral is as follows.

2 pw/3  pl/cos¢ 2 pw/2 P2
:/ / / p251n¢dpd¢d9+/ / / p*sin ¢ dp de df
0 0 0 0 /3 JO

4.

(a) For F to be conservative, it must be the gradient of some potential function ¢. We
may apply the component test to determine whether the mixed partial derivatives are
equal.

(9F1 _ : 2 2 2
a—y—Qmsm(m y)+2xycos(9c y)x @ @
% = —2xsin (ny) — 2% cos (ny) - 2xy % O

The mixed partial derivatives are not equal. Therefore, the force is not conservative.

(b) Like what we did above, determine the mixed partial derivatives.

0F, 0F, oF, 0F3 0F5 . OF;
=2y=——, — =CcosrT=—, —— =¢e

Oy Y= 8z o2 or’ Oz - Oy
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(c) Since F is conservative on R?, there exists a potential function f such that Vf =F.

0
—f:2x+y2+zcosx, g:%y—l—ez, 8—le—l—yezjtsingn
ox dy 0z
0
a—fdx:/(2x+y2+zcosx) dr = 2* + vy + zsinz + g(y, 2) = f(z,y, 2)
x
0 0
a—]yt:a—y(x2+xy2~l—zsinx—l—g(y,z)) =2zy+g,(y,2) =22y + & = g,(y,2) =¢€*
0
a—fdy: /(2:cy+ez) dy = 2* + zsinz + 2y® + ye® + h(2) = f(x,y, 2)
Y

of o

3, = 3, (2° + zsinz + zy* + € + h(2)) = sinz + ye* + h.(2)

=1+ye’ +sine = h,(z)=1

0
a—idz:/(l—l—yez—l—sinx) dz =2+ zsinz + 2y* +ye* + 2+ c= f(z,y,2)

The potential function for F is

f(x7yaz):$2+Zsinl‘+ajy2—{—yez+z+c7 CER

5.

(a) We showed that F is conservative in 4(b). Using the Fundamental Theorem of Line
Integrals, evaluate f(0,1,3) — f(1,0,2).

/F-dr:f(0,1,3)—f(1,0,2):e3+3—|—c—(1+2sin1+2—|—c):
D

(b) The curve of intersection is a circle, which is a closed curve. Since F is conservative,
the value of the line integral is @

6.
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F, and F5 have continuous partial derivatives. C'is a closed curve with positive orientation.
We may use the tangential form of Green’s Theorem to evaluate the line integral.

[ = 7{ (a;?’ sin ( 72+ 4) — xe”+2y> dz + (cos (y° +y) — 4ye™™) dy
c

= @_@ — —Aye®t2Y 1 (et .
_//R(@x ay)dA—//R( 4ye 1 (me 2))dA

= / /R (20 — 4y) - "2 dA (6)

From the edges of the parallelogram, we have x = 2y+2, 2 = 2—2y, v = —2—-2y, x = 2y—2.
Now, use the method of change of variables. Let u = x — 2y, v = x + 2y. Then
u—+v v—u

2 YTy

Tr =

T=2 42 — “;“:Q(U;“>+2 — u=2

r=92—92 — “;“:2—2(};“) — p=2

x:—z—zy:“;”:—z—z( >:>v:—2

4

r=2—2 — “"5022(”;“)—2 — u=—2

The region in uv-coordinates becomes as follows. Calculate the Jacobian determinant and
rewrite the integral in (1).

v
2
U
=9 2
—2
or dx| |11
O@y) |ou 00| _| 2 2| 11 11 1
Ou,v) |9y oy | | -1 1| 2 2 4 4
ou Ov 4 4
2 2 2 2
I—//(Qx—ﬁly)-em“yd/l—/ / 2ue’ - O, y) dudv—/ / 2ue”-’1’dudv
R —2J-2 A(u,v) —2J-2
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2023-2024 Spring Final (04/06/2024) Solutions
(Last update: 07/08/2025 14:29)

1. Let g(x,y,2) =x+z2z+1and f(z,y,2) = D* = (z — 1)+ (y —2)*+ (2 — 0)% Tt is
easier to work with the square of the distance. Finding the points will not change the
result. Solve the system of equations below.

Vf=AVyg Vi={02(x—-1),2(y —2),22) = X(1,0,1) = \Vyg
g(x,y,z) =0 Sy=2, A=2r-2, A=2z

26 —2=22 = z=ua-1 (7)
Substitute (1) into the constraint.

r+z4+41=0 —= z+2—-14+1=0 — 20 =0 — =0
S 0+24+41=0 = z=-1

The closest point is then | (0,2, —1) |.

2.
1.2 5
’ (V2,1)

R ‘
0.8 1 B 22 3
0.6 t 4= E 3 1 Vy+1

' ‘ dz dy

T = /2y ; o Jyzm
04 !
02 T Yy = ZL'Q -1
r=vy+lg

02 04 06 08 1 12 1.4 1.6
3. Find where these two curves intersect and then find the area.

1=1—-cos = costl =0 = 9:g+7rk, keZ




3n/2 pl—cos® 3m/2 1 r=1—cos6 1 3m/2
Area = / / rdrdf = / {—rQ} df = —/ [(1—cosh)® —17] db
/2 1 /2 2 r=1 2 w/2

1 3mw/2 1 3m/2 20 1
=—/ (—20039+c0820) d0=—/ <—200$9+M> df
2 /2 w/2 2

N

4 2 4

. 37/2
1 {—2s1n9+ 5in(20) +q _ 1 {(2+0+3—7T> - (_2+0+Z>] —|2+
2 e 2 1

r =rcosf 2 =T = Zupper = T COSO
y =rsinf z2=0 = Ziower =0
24t=r2

Y 7y
dA = rdr df 0<0=<g

The volume of this solid can be evaluated with the following integral.

r=2

w/2 2 /2 2 /2 T3
Volume:/ / (rcosﬁ—O)rdrdﬁz/ / r20080d7"d(9:/ [—} cos 0 df
o Jo o Jo 0 3 120
/2 8 3
=-(1-0)=|5
, 0

/2
:g/ cos@d@zgsine
0
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5. For 2 = 0, we get the circle 22 +y? = 25. Therefore, the domain is 2 +y* < 25. Using
the double integral below, we find the surface area.

02\ 2 A
Surface area = 1+(=—) +([= ) dA
D ox Jy

5  pv25—z2
= / / \/1 + (—22)* + (—2y)* dy da
—5 J V2527

5 pV25—a?
:/ 1+ 42?2 + 4y? dy dx
-5 J —/25—x2

If we switch to polar coordinates, we can easily evaluate the integral.

2 5 29 1 r—5
Surface area = / / V1t 4r2rdrdf = / [ﬁ (1+4r%)% 2} do

0 0 0 r—0

I 3 1013/2 — 1 2=
= 1+4-25)%% —(144- 3/2] = ——— /

12/, (14-25) = (14402 df 5 ) @

101%/2 — 1
=|— 77

6

6. Rewrite  and y in terms of u and v and sketch the regions in both coordinates.

U=z —1y x_u+v _v—u
v=x+y Ty YTy
x+y:3:$ugv+v;u:3=$v=3
x+y:3:¢ugv+vgu:1:¢v=1

2 2
— 1
x2—y2:1: (u—zi—v) _(212u) :Z(u2+2uv+v2—v2+2uv—u2):1

v—u\’ u+v\? 1
y2—x2:1:< 5 ) —( 5 ) :Z(v2—2uv+u2—u2—2uv—v2):1
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v v=23
uv =1
1
I/:l
‘ u
0.5 1

Calculate the Jacobian determinant to find the area in terms of v and wv.

Oxr Ox 1 1
Ory) |ou dv| | 2 2] 11 11\ 1
Ou,v) | ay oy | | -1 1 _5'5_(_§'§>_§
du  Ov 2 2

The integral then becomes

= = [ 32

3 rl/v 1
= / / w - sin(uv) - = dudv
1 J-1/v 2

1
Multiply each side by 2 to obviate the mess with the fraction 5 and then change the order

of integration.

11 1o 1oL
21:/ 3/ usin(uv) dvdu—i—/3 / usin(uwv) dvdu+/1 / usin(uv) dv du
-1 J1 —3 71 3 71

-/ 1_%<—cos<uv>>

v=1
u

du

v=1

v=3

du + /ll(— cos(uv))

v=1 3

—_1 1
du—l—/3 (— cos(uv))
v=1 -

W=

1

1
= / ’ [— cos(—1) + cosu] du + /3 [— cos(3u) + cosu] du + ﬁ [—cos 1+ cosu|du
-1

3

W=

— 1

1
+ {—ucosl—l—sinu}1
3

1
3 1
= [—ucos(—l) +Sinu] + {— gsin(Bu) +sinu}

-1

W=
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2 1 1 1 1
21 = [_§ cos(—1) + sin <—§) - sin(—l)} + [_5 (sin1 —sin(—1)) + sin 3~ sin (—§>]
+ 2 1+4+sinl — si L
—=cosl+sinl —sin—
3 3

4
= g(sin 1 —cosl)

2
This is the value of 2I. Therefore, |I = g(sin 1—cosl)|

7.

(i) For spherical coordinates, we have

Z:PCQS¢ z=1/322 +3y2 = pcosp = V3psing = gb:%
r=psing 2.2 .2 2.2
2% 4y = 12 N x°+y°=1r*=p°sin“¢
x2+y2+Z2:p2 1:2+y2+22:9:>p2:9:>p:3
AV = p?sin ¢ dp de do 0<0<2r

The integral in spherical coordinates can be expressed as follows.

2r  pw/6 3 2r  pw/6 3
I:/ / / pQSiHng-stinqupdqbdQ:/ / / ptsin® ¢ dp de df
o Jo 0 o Jo 0

(ii) For cylindrical coordinates, we have

2 =4/312+ 3y? = z=7rV3

rQZZ;igﬂ — ? oyt =r?
dV =rdzdrd 24y +22=9 = 2=+9—1r2

0<8<2r

Find where the curves intersect to find the upper limit of r.

"W3=vV9—12 = 3?=9—1 — %=

= =

>~ ©

2

The integral in cylindrical coordinates can be expressed as follows.

2r p3/2 V912 or  3/2 VO—r2
I:/ / / rz-rdzdrdé’:/ / / r3dz dr df
0 0 /3 0 0 V3
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2023-2024 Spring Makeup (27/06/2024) Solutions
(Last update: 05/08/2025 00:51)

1. Let g(z,y,2) = 2% + y* + 2% — 100 for the constraint. Solve the system of equations
below.

gv({;’;é)vio } V= (1,—1,1) = A (22, 29, 22) = AVg
1
1-22=0 = z=5
1
—1-2\y=0 = V=9
1
1-2X2=0 = Z:ﬁ

Use the constraint to find the values of z, y, z.

1\? 1)? 1\* 3 3
2+ Yy’ + 22 —-100=0 = (—) +(——) +<—) = — =100 = A:i£

2\ 2\ 2\ 4)\2 20
1 10v3 1 103 1 10v3
rT = — = —_— 0, y = —— = :t—’ = —_— = :t—
2\ 3 2\ 3 2\ 3

To find the maximum and minimum values of f, use the points (10?:/5, — 10*/3, 10?:/5 ) and

3
_10v/3 10v3 _ 10V3
3 7 3 3

, respectively.

1 1 1
fmax = 0\/§ - _—0\/5 + —0\/3 = 10\/§
3 3 3
10v/3  10v/3  10v3
fmin = - ?:/_ - ;/_ — ?:/_ = —10\/§

2. Remark: It is counterintuitive that the area of the region is negative for y > 3.
Therefore, let’s assume that the upper bound for y is 3 rather than the value stated in
the original question. The lecturer might have made a typo.

4 1Y r=+4—y

1,3z 2 pd—z?
/ / dy dx + / / dy dx
0 Jo 1 Jo
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3. The equation of this sphere is 22 + y? + 22 = 16. Solve for z to find the bounds of z.
Rlower — —V 16 — 22 — y27 RZupper = 'V 16 — 22 — y2

If we project the sphere onto the xy-plane, we will notice that the domain is 22 +y? < 16.
Use the transformation for polar coordinates.

x =rcosb z2=4/16— 22 —y? = 2z =16 —1?
=rsiné

$g2/+y2:7"2 — 2=—\/16—22—9y? = 2=—v16—12

dA = rdrdf 22412 <16 = <16 = 0<r<4, 0<6<2r

27 4 27 4
1:/ / [\/16—r2— <\/16—r2>} rdrd9=2/ / V16 — 12 dr df
0 0 0 0

27 1 r=4 2 27 12 2T 2
:2/ —— (16 — %) d@:—/ 10— (—64)] do = 228 [ qp =| 2257
s | 3 3/, 3 3

r=0

4. The domain is 2% + y? < 1. Using the double integral below, we find the surface area.

02\ > 02\ ? L pvie?
Surfacearea://\/l—i-(—) —i—(—) dA:/ / 1+ (22) + (29) dy dx
e (5) + (5 et

1 V1—x2
:/ V14422 + 4y? dy dx

1J—vV1-2x2

If we switch to polar coordinates, we can easily evaluate the integral.

2m r=1

[(1 —1—47“2)3/2] do

r=0

2 1 1
Surface area = / / V14+4r2rdrdd = 3
o Jo 0

L 27r(5\/5—1> df = 2(5\/5—1)

12 ),

5. Let x = 4rcosf, y = 5rsiné.

2 2 (4rcosf)?  (5rsinf)?

ST I

16+25 16 * 25
rP=1=r=1 0<6<2r

=1 = 2 (sin20+00529) =1
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Calculate the Jacobian determinant.

Oxr Ox
Nz, y)| or 00 | 4cos@ —4rsin6 | 9 o
‘a(ru‘g)‘_ dy Oy _‘ 5sinf  5rcosf ‘_2OTCOSG_(_20T81D 0) = 20r
aor o0

Then we have the integral

[

6.

a(x y) 27 1 21 1 r=1 21
’ drd@z/ / 20rdrd0:20/ —r? d@:m/ df =207
o(r,0) 0 0 0 2 0

r=0

(i) For spherical coordinates, we have

zZ=pcos¢g 2 =1/322 +3y2 = pcosd = V3psing —> (ﬁ:z
r=psing 24,2 _ 2 2 win2 0
22 4 y? = p? _ r°+y =1r°=p sin“¢

dV = p?sin ¢ dp de do 0<6<2m

The integral in spherical coordinates can be expressed as follows.

2w pm/6 3 2w pm/6 3
I:/ / / p2sin2¢~pzsinq§dpd¢d9:/ / / p*sin® ¢ dp dop df
o Jo 0 o Jo 0

(ii) For cylindrical coordinates, we have

z2=1/3224+3y2 = z=1V3

TQZZ;i—yQ . 22 4+ y? =r?
dV = rdzdr df PP+ =9 = 2=V9—1?
0<6<2m

Find where the curves intersect to find the upper limit of r.

r3=V9—1r2 = 3rP=9—1r? = =

> 3
r= =
2

=] ©

The integral in cylindrical coordinates can be expressed as follows.

2 r3/2  pV9—12 2 3/2 V912
I:/ / / 7’2~7’dzdrd9:/ / / r3dzdrdf
0 0 /3 0 0 rv3
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2024-2025 Spring Final (18/06/2025) Solutions
(Last update: 08/08/2025 00:21)

1. The equation of the tangent plane at a point on the surface and the normal line to this
plane are given, respectively, by

z— 20 = fa(To,y0)( — x0) + fy(ffo,yo)(?/ — %o) (8)
r =z + fa(20,Y0) - t
Y =yo+ fy(wo,y0) -t —00 <t <00 (9)
z2=2zyp—1

Calculate the first partial derivatives of f.
fo=—22, f,=-2y = f(1,2)=-2, f,(1,2)=—-4

Using (1) and (2) determine the equations.

Tangent plane equation: z — 1= -2(z — 1) —4(y —2) = 2z = -2 —4y +11

r=1-2t
Normal line equation: y =2 — 4t —o0 <t< oo
z=1-—1t

2. To identify the critical points, find where both f, = f, = 0 or one of the partial
derivatives does not exist.

fx:3$2_3y, fy=3y2—3x

fr=0 = 3y=232%2 = y=2a?

— 7 3— = = =
fy=0:>3y2=3x:>x:y2}x_x — z(z°—-1)=0 = 2, =0, x3=1

.171:0:>y120, $2:1:>y2:1

The critical points are (0,0) and (1,1). To classify these points, calculate the second
partial derivatives and then find the Hessian determinants.

f:pm:6x7 fxy:fy:p:_37 fyy:6y

Joz =0, fay=-3, fu =0
(0,0) — ' 0 -3

5 ‘:0-0—(—3)-(—3):—9<0

fmr:67 f:vy:_37 fyy:6

(1,1) — ' 6 -3

A local minimum occurs at (1,1) and a saddle point occurs at (0, 0).
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3. Let g(x,y) = 42 + y*> — 9 be the constraint. Solve the system of equations below.

Vf=AVyg B B B
g(x,y)zO} Vf = (162x,2y) = X (8x,2y) = A\Vyg
2u=2\y = 2y(1—-XA) =0 = y=0 or A=1

81
1622 =8 \z — 2z(81 —4\) =0 = =0 or )\:Z

3
y=0 = g(2,0)=42>+0*-9=0 = v =47

r=0 = g(0,y)=4-0°+y*=9 — y=43

2’ 2
f(0,3)=81-0°4+3>=9, f(0,-3)=81-0"+(=3)>=9

3 3\ 2 729 3 3\ 2 729
Z =81-(2 2= -z =81 =2 2_ =¥
f<2,0> 8 (2> +0 o f( 2,0) 8 ( 2) +0 T

729

The minimum value is 9, the maximum value is T

3 3
Evaluate f at the points (0, 3), (0, —3), ( O) , (——,O) and compare them all.

4. Obtain the partial derivatives of both sides.

32% 2 —z-y2+y:O:>z:_—y‘ :—i
v 322 — g2 (=3.1.2) 11
22y —
327 2y — 2y P =22yt =0 = z,= " = —
v 4 Vo322 — 2 (—3.1.2) 11

0z 1 0z 7

or 117 o9y 11

V2 p2-2? ) 2 py2—y )
I= / / re” dydr = xe” dx dy
o Jo

0 0
2 [ ]"" 2y 1 r2
Y - d :—/ v 1) d
1 _ 2 62—3
:5[_627;_1/}0: 9
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a V1—z2
2 2
// QxyZdA:// =gy da
RI°TY o Jo 7+ y

a

Notice that it would be difficult to solve the integral in rectangular coordinates. We may
switch to polar coordinates to easily evaluate the integral.

r=rcosf, y=rsinf, z*+y*=1r% dA=rdrdd

[— // 22xy dA — / / 2rcosf - rsinf - dr df
x? 412 (rcos0)? + (rsin )

T . 93 0 si 2 1
_ / 2 / reosfsing g — / / rsin(26) dr df = / sin(20) | 5| df
o Jo r?(sin®0 + cos0) ’ 2

a2 2
Z(—cosw—l—cosO) =|—

S

N
[N
1
|
Q
o
0
—~
[\}
D)
N~—
[
N

5 I
:%/o sin(29)d9:%

(a) Use the transformation below.

FTE \/x2+y—\/_—r_zupper
xzrcf)sg .ZU +y _T = Zlower
rg;;;lj:yQ - —1<y<1,<x<\/1—2:>0§r§1,_g§9§

dV = rdzdrdf ryz =rcosf-rsinf -z

w/2 1 pr
/ / / 2r3sin 6 cos 0 dz dr db
—r/2J0 Jr2?

(b) We have the sphere 2% + y? 4+ 2% = 9. Use the transformation below.

= pcos

izgsinz P+ +22=9 = pPP=9 = p=3
2 2 2 _ 2 —
Ay =p 0<0<2r, 0<¢<2r

dV = p*sin¢ dpde df
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21 21 3 2r 2w p3 p=3
Volume = / / / p*sin ¢ dp dep df = / / sin ¢ - [—] do db
o Jo Jo o Jo 3 ] =0
2 2 21 p=2m
:/ / 9sinq§d¢d9:/ {—90084 de
o Jo 0 $=0
21

27 21
= / (—9cos(2m) +9cos0) df = / 18df = 18 {9} =367
0 0 0

7.

(a) Assume that Vf = F for some potential function f. Then, the mixed partial deriva-
tives of the components must be equal.

OF, | _OF OFy _ _o0Fy oF,_ oF,
oy ~ Ox’ 0z ox 0z Oy
This means F is conservative on its domain.
0_f: g:x gZZQ
or oy T 0z
of
/—dx:/ydx:xy+g(y,2)=f(xay7z)
ox
of 0 . _ _
9y oy W IWE) =rtgyz) =w = g,(y,2) =0
of
/_dy:/g:dy:xy—i—h(z)Zf(l",?/az)
Jdy
of 0 _ _ 2 _ 2
5. = 55 @+ h(2) = ha(2) =2 = hu(2) =2
of [ .. 2
adz_/z dz = xy + 3 +c= f(z,y,2)

The potential function for F is
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f(I7y,Z):ZEy+§+C, ceR

(b) Parametrize the curve and then evaluate the integral.
r(t) =ti+2j+ 8k 0<t<1 = r(t)=dti+2tdtj+3t2dtk, 0<t<1

/F-dr:/F(r(t))-r’(t)dt:/1 (FPi—t*j+2tk) - (i+2tj+3t°k)dt

1 1 471
5t 5
:/ (£ — 2t + 6t°) dt:/ 5¢° dt = {—] ==
0 0 41, |4
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